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Abstract. In this paper, an intersection theory for generic differential poly- 
nomials is presented. The intersection of an irreducible differential variety of 
dimension d and order h with a generic differential hypersurface of order s is 
shown to be an irreducible variety of dimension d — 1 and order h + s. As a 
consequence, the dimension conjecture for generic differential polynomials is 
proved. Based on the intersection theory, the Chow form for an irreducible 
differential variety is defined and most of the properties of the Chow form in 
the algebraic case are established for its differential counterpart. Furthermore, 
the generalized differential Chow form is defined and its properties are proved. 
As an application of the generalized differential Chow form, the differential 
resultant of n + 1 generic differential polynomials in n variables is denned and 
properties similar to that of the Macaulay resultant for multivariate polyno- 
mials are proved. 
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1. Introduction 

Differential algebra or differential algebraic geometry founded by Ritt and Kolchin 
aims to study algebraic differential equations in a similar way that polynomial equa- 
tions are studied in commutative algebra or algebraic geometry [321 US] - Therefore, 
the basic concepts of commutative differential algebra are based on those of com- 
mutative algebra. An excellent survey on this subject can be found in [4]. 

It is known that, for many properties in algebraic geometry, their differential 
counterparts are much more difficult to prove and some of them are still open 
problems. For instance, many of the 16 questions proposed by Ritt in his classic 
book Differential Algebra [321 p. 177] are still not solved. In this paper, two naturally 
connected problems in differential algebraic geometry are studied: the differential 
dimension conjecture for generic differential polynomials and the differential Chow 
form. 

The first part of the paper is concerned with the differential dimension conjecture 
which is one of the problems proposed by Ritt: Let F\ , . . . , F r be differential polyno- 
mials in F{y±, . . . , y n } with r < n, where J 7 is a differential field. If the differential 
variety of the system {Fi, . . . , F r } is nonempty, then each of its components is of 
dimension at least n — r p. 178]. 

Ritt proved that the conjecture is correct when r = 1, that is, any component of 
a differential polynomial equation in F{yi, . . . , y n } is of dimension n — 1 32, p. 57]. 
The general differential dimension conjecture is still open. In [8], it is shown that 
the differential dimension conjecture is closely related with Jacobi's bound for the 
order of differential polynomial systems, which is another well-known conjecture in 
differential algebra. 

In this paper, we consider the dimension and order for the intersection of an 
irreducible differential variety with generic differential hypcrsurfaces. A differential 
polynomial / is said to be generic of order s and degree m, if / contains all the 
monomials with degree less than or equal to m in y\ , . . . , y n and their derivatives 
of order up to s, and the coefficients of / are differential indeterminates. A generic 
differential hypersurface is the set of solutions of a generic differential polynomial. 
We show that for generic differential hypersurfaces, we can determine the dimension 
and order of their intersection with an irreducible differential variety explicitly. 
More precisely, we will prove 

Theorem 1.1. LetX be a prime differential polynomial ideal in F{y\ 1 . . . , y n } with 
dimension d and order h and f a generic differential polynomial with order s and 
degree greater than zero. If d > 0, thenli = [I, /] is a prime differential polynomial 
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ideal in F(uf}{yi, . . . ,y n } with dimension d — 1 and order h + s, where u/ is the 
set of coefficients of f . And if d = 0, I\ is the unit ideal in J 7 (uf){yi, . . . , y n }- 

As a direct consequence of this result, we show that the dimension conjecture 
is valid for a system of generic differential polynomials. Furthermore, the order of 
the system is also given explicitly. 

Another purpose of studying the intersection of an irreducible differential variety 
with generic differential hypersurfaces is to establish the theory of the differential 
Chow form, which is the concern of the second part of the paper consisting of 
Sections 4 to 6. 

The Chow form, also known as the Cayley form or the Cayley-Chow form, is a 
basic concept in algebraic geometry [41] [16] . More recently, the Chow form also be- 
comes a powerful tool in elimination theory. This is not surprising, since the Chow 
form is a resultant in certain sense. The Chow form was used as a tool to obtain 
deep results in transcendental number theory by Nesterenko [27j and Philippon 
[29) . Brownawell made a major breakthrough in elimination theory by developing 
new properties of the Chow form and proving an effective version of the Nullstel- 
lensatz with optimal bounds [3|. Gel'fand et al and Sturmfels started the sparse 
elimination theory which is to study the Chow form and the resultant associated 
with sparse polynomials [HI [40] . Eisenbud et al proposed a new expression for the 
Chow form via exterior algebra and used it to give explicit formulas in many new 
cases [llj . Jeronimo et al gave a bounded probabilistic algorithm which can be 
used to compute the Chow form, whose complexity is polynomial in the size and 
the geometric degree of the input equation system [17]. Other properties of the 
Chow form can be found in [28] 130] [38] . Given the fact that the Chow form plays 
an important role in both theoretic and algorithmic aspects of algebraic geometry 
and has applications in many fields, it is worthwhile to develop the theory of the 
differential Chow form and hope that it will play a similar role as its algebraic 
counterpart. 

Let V be an irreducible differential variety of dimension d in an n-dimensional 
differential affine space and 

Pi = u lQ + uuyi H h u in y n (i = 0, . . . , d) 

d + 1 generic hyperplanes in differential variables yi, . . . , y n , where u%j [i = 0, . . . , d; 
j = 0, . . . ,n) are differential indeterminates. The differential Chow form of V is 
roughly defined to be the elimination differential polynomial in Uij for the intersec- 
tion of V with P s ; = 0(i = 0, . . . , d). More intuitively, the differential Chow form 
of V can be roughly considered as the condition on the coefficients of Pi such that 
these d + 1 hyperplanes will meet V. We will show that most of the properties of 
the Chow form in the algebraic case presented in [16l [41] can be generalized to the 
differential case. Precisely, we will prove 

Theorem 1.2. Let V be an irreducible differential variety with dimension d and or- 
der h over a differential field JF and F(uq, m, . . . , u<j) € J-"{uo, ui, . . . , u^} the Chow 
form of V where u, = (u i0 ,Uii, . . . ,u ln ) (z = 0, 1, ... , d). Then F(u , Ui, . . . , u d ) 
has the following properties: 

1. -F(uo, ui, . . . , Ud) is differentially homogenous of the same degree in each set 
Uj and ord(F, u^) — h for all Uij occurring in F. 
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2. -F(uo, Ui, . . . , Urf) can be factored uniquely into the following form 

g n 

F(u ,Ui,...,U d ) = A(u ,Ui, . . . ,Urf) JJ(ltoo ) + ^2 u 0p^rp +t T ) 

r=l p=l 

3 n 

= A(u ,Ul,...,Ud) ]~[(mqq + y^MQp$Tp) W 

r=l (0=1 

where g = deg(F 1 u^), t; Tp are in a differential extension field T r of T , and (uqo + 
So=i u Op^,TpY h ^ is the h-th derivative of (itoo + X)p=i u Opirp)- The first " = " is 
obtained by factoring -F(uo, Ui, . . . , u^) as an algebraic polynomial in the variables 
u oo j u oi ' • • • ' u 0n j ^ e second " = " is a differential expression to be explained 

in Section 4-4 °f this paper. 

3. S r = (£ T i, . . . , £ rn ) (t = 1, . . . ,g) are generic points of V . And they are the 
only elements of V lying on the differential hyperplanes P CT = (a = 1, . . .,d) as 
well as on the algebraic hyperplanes °Pq = (/ = 0, . . . , h — 1). 

4- Suppose that u^(i = 0, . . . , d) are differentially specialized to sets of spe- 
cific elements in T and Pi (i = 0, . . . , d) are obtained by substituting Ui by in 
Pi. // Pj = 0(i = 0, ...,d) meet V, then F(v ,...,v d ) = 0. Furthermore, if 
F(vq, . . . , Vd) — and Sf(vo, . . . , v^) 7^ 0, then the d + 1 hyperplanes P^ = 
(i = 0, . . . , d) meet V , where Sf = d f h) ■ 

du QQ 

The number g in the above theorem is called the leading differential degree 
of V. From the third statement of the theorem, we see that V intersects with 
P CT = (a = 1, . . . , d) and a P[, = (/ = 0, . . . , h - 1) in exactly g points. So 
the leading differential degree satisfies similar properties with the degree for an 
algebraic variety. 

Furthermore, we prove that the four conditions given in Theorem 1 1 . 2 1 are also the 
sufficient conditions for a differential polynomial F(uo, Ui, . . . , u^) to be the Chow 
form for an order un-mixed differential variety, or a differential algebraic cycle. As a 
consequence of this result, we define the Chow quasi- variety for a class of differential 
algebraic cycles in the sense that each point in the Chow quasi- variety represents 
a differential algebraic cycle V in that class via the Chow form of V. These are 
clearly generalizations of the algebraic Chow variety and algebraic cycles p~3j [16] . 

Note that both the differential Chow form and the generators of the differential 
Chow quasi-variety are proven to be differentially homogenous. Further develop- 
ments of these concepts may need the knowledge of differential projective space 
|24) . which has been ignored in certain degree in the past. 

In [29], Philippon considered the intersection of a variety of dimension d with 
d + 1 homogeneous polynomials with generic coefficients and developed the theory 
for an elimination form which can be regarded as a type of generalized Chow form. 
In [2], Bost, Gillet, and Soule further generalized the concept to generalized Chow 
divisors of cycles and estimated their heights. In this paper, we will introduce the 
generalized differential Chow form which is roughly defined to be the elimination 
differential polynomial obtained by intersecting an irreducible differential variety 
V of dimension d with d + 1 generic differential hypersurfaces. We show that 
the generalized differential Chow form satisfies similar properties to that given in 
Theorem rOl 
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As an application of the generalized differential Chow form, we can define the 
differential resultant. The differential resultant for two nonlinear differential poly- 
nomials in one variable was studied by Ritt in [311 p. 47]. General differential re- 
sultants were defined by Carra' Ferro [6] using Macaulay's definition of algebraic 
resultant of polynomials. But, the treatment in [5] is not complete. For instance, 
the differential resultant for two generic differential polynomials with degree two 
and order one in one variable is always zero if using the definition in [5]. Differ- 
ential resultants for linear ordinary differential polynomials were studied by Rueda 
and Scndra in |36| . In this paper, a rigorous definition for the differential resultant 
of n + 1 generic differential polynomials in n variables is given as the generalized 
differential Chow form of the prime differential ideal 1 = [0] . In this way, we obtain 
the following properties for differential resultants, which are similar to that of the 
Macaulay resultant for n + 1 algebraic polynomials in n variables. 

Theorem 1.3. Let Pj(i = 0, ...,n) be generic differential polynomials in n dif- 
ferential variables j/i, . . . , y n with orders Si, degrees rrii, and degree zero terms Uio 
respectively. Let R(uq, Ui, . . . , u n ) be the differential resultant of Po, ... , Pn> where 
Ui is the set of coefficients of Pi . Then 

a) R(uq, Ui, . . . , u n ) is differentially homogeneous in each U; and is of order 
hi — s — Si in Ui (i = 0, . . . , n) with s = Y^i=o Sl • 

b) There exist £, T p(p = l,...,n) in the differential extension fields T t [t = 
1, . . . , to) of J- such that 

R(U , Ui, . . . , U n ) = A(U , Ul, . . . , U n ) Yl PoKtI, ■ • • , £rn) (M 

r=l 

where A(uq, m, . . . , u n ) is a differential polynomial in Ui, to — deg(R, Uq^), Po(£ri, 
Zrn)^ is the h -th derivative o/P (£ T i, ...,£ r «), and (£ T i,..., £ Tn ) (t 

1 / ; ; are certain generic points of the zero dimensional prime differential ideal 

[Pl,...,P„]. 

c) The differential resultant can be written as a linear combination of Pi and 
their derivatives up to the order s — Sj (i = 0, . . . , n). Precisely, we have 

n s — Si 

i?(u ,u 1 ,...,u n )=^^^-Pp' ) . 

i=0 j=0 

In the above expression, hij € J 7 (u)[yi, . . . , y n , . . . , y[ s \ ■ ■ ■ , yn^] have degrees at 
most (sn + n) 2 D sn+n + D(sn + n), where u = U- l =0 Ui \ {u ao , . . . , u n o}, is the 
j-th derivative ofyi, and D — max{mo,rni, . . . ,m n }. 

d) Suppose that Ui(i = 0, . . . , n) are differentially specialized to sets Vi of specific 
elements in T and Pi (i = 0, . . . ,n) are obtained by substituting Ui by Vi in Pi. 
If = 0(i = 0, . . . , n) have a common solution, then i?(vo, . . . , v„) = 0. On the 
other hand, if -R(v , . . . , v„) = and Sr(vo, . . . , v„) ^ 0, then Pj = Q(i = 0, . . . , n) 
have a common solution, where Sr = a ^ , 

uu oo 

As a prerequisite result, we prove a useful property of differential specializations, 
which roughly asserts that if a set of differential polynomial functions in a set of 
indeterminates are differentially dependent, then they are still differentially depen- 
dent when the indeterminates are specialized to any concrete values. This property 
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plays a key role throughout this paper. The algebraic version of this result is also 
a key result in algebraic elimination theory ([HI p. 168], [43j p. 161]). 

It is not straightforward to extend the intersection theory for generic polynomials 
and the theory of Chow forms from the algebraic case to the differential case. Due to 
the complicated structure of differential polynomials, most proofs in the algebraic 
case cannot be directly used in the differential case. In particular, we need to 
consider the orders of differential polynomials, which is not an issue in the algebraic 
case. For instance, the second property of the differential Chow form in Theorem 
11.21 has a different form as its algebraic counterpart. 

One of the main tools used in the paper is the theory of characteristic sets 
developed by Ritt (32] p. 47]. The algorithmic character of Ritt's work on differential 
algebra is mainly due to the usage of characteristic sets. Properties of characteristic 
sets proved more recently in p] [7j [lOj [121 H3] will be also used in this paper. 

The rest of this paper is organized as follows. In Section 2, we will present the 
notations and preliminary results used in this paper. In Section 3, the intersection 
theory for generic differential polynomials is given and Theorem 11.11 is proved. In 
Section 4, the Chow form for an irreducible differential variety is defined and its 
properties will be proved. Basically, we will prove Theorem 11.21 In Section 5, 
necessary and sufficient conditions for a differential polynomial to be the Chow 
form of an differential algebraic cycle is given and the Chow quasi-variety for a 
class of differential algebraic cycles is defined. In Section 6, we present the theory 
of the generalized differential Chow form and the differential resultant. Theorem 
11.31 will be proved. In Section 7, we present the conclusion and propose several 
problems for further study. 

2. Preliminaries 

In this section, some basic notations and preliminary results in differential al- 
gebra will be given. For more details about differential algebra, please refer to 

[si in us a [39]. 

2.1. Differential polynomial algebra and Kolchin topology. Let F be a fixed 
ordinary differential field of characteristic zero, with a derivation 5. An element 
c e T such that 5(c) — is called a constant of J- ' . In this paper, unless otherwise 
indicated, 6 is kept fixed during any discussion and we use primes and exponents 
(i) to indicate derivatives under S. Let denote the free commutative semigroup 
with unit (written multiplicatively) generated by 6. Throughout the paper, we shall 
often use the prefix U S-" as a synonym of "differential" or "differentially" . 

A typical example of differential field is Q(£) which is the field of rational func- 
tions in variable t with 6 = 4z- 

at 

Let Q be a ^-extension field of T and S a subset of Q. We will denote respectively 
by T\S\, T(S), ^{S}, and F(S) the smallest subring, the smallest subfield, the 
smallest <5-subring, and the smallest (S-subfield of Q containing T and S. If we 
denote Q(S) to be the smallest subset of Q containing S and stable under S, we 
have T{S} = JM^)] and T(S) = T(0(S)). A ^-extension field Q of T is said to 
be finitely generated if Q has a finite subset S such that Q = J-{S). 

A subset S of a <5-extension field Q of J 7 is said to be S-dependent over J- if the 
set (#a)0 6 e.ae£ is algebraically dependent over J 7 , and is said to be 6 -independent 
over J 7 , or to be a family of 5-indeterminates over T (abbr. J-.F-indeterminates) 
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in the contrary case. In the case £ consists of one element a, we say that a is 5- 
algebraic or ^-transcendental over J 7 respectively. A maximal subset f2 of Q which 
is cl-independent over J- is said to be a 5-transcendence basis of Q over J- ' . We use 
d.tr.degCf/J 7 (see [191 p. 105-109]) to denote the 8 -transcendence degree of Q over 
J 7 , which is the cardinal number of Q. Considering J- and Q as ordinary algebraic 
fields, we denote the algebraic transcendence degree of Q over J 7 by tr.degCJ/J 7 . If 
S is a set of 5-indeterminates over J 7 , then we call F(S) a pure S-extension of J- '. 

A homomorphism ip from a 5-ring (1Z,8) to a 5i-ring (S, 8%) is a differential 
homomorphism \i ip o 8 ~ 8\ o ip. If 7^. is a common 5-subring of 1Z and 5 and the 
homomorphism ip leaves every element of IZq invariant, it is said to be over IZo and 
denoted by 5-7^o-homomorphism. If, in addition 1Z is an integral domain and iS is 
a 5-field, ip is called a 8 -specialization of 1Z into S. 

A 5-extension field £ of J 7 is called a universal 8-extension field, if for any finitely 
generated 5-extension field J-\ of J 7 in £ and any finitely generated 5-extension field 
Ti of T\ not necessarily in £ , Ti can be embedded in £ over J 7 !, i.e. there exists a 
5-extension field of J-\ in £ that is 5-isomorphic to Ti over J-\ . Such a 5- universal 
extension field of T always exists ([19j Theorem 2, p. 134]). By definition, any 
finitely generated 5-extension field of J- can be embedded over J 7 into £, and £ is 
a universal (5-extension field of every finitely generated 5-extension field of T . In 
particular, for any natural number n, we can find in £ a subset of £ of cardinality n 
whose elements are 5-independent over J 7 . Throughout the present paper, £ stands 
for a fixed universal 5-extension field of J 7 . 

Now suppose Y = {y 1,2/2 1 ■ • ■ i2/n} is a set of 5-indeterminates over £ . For any 
y E Y, denote 5 fc y by ?/ fc ). The elements of J"{Y} = J"[yj fc) : j = 1, . . . , n; fc € N] 
are called 8 -polynomials over J 7 in Y, and ^"{Y} itself is called the 5 -polynomial 
ring over J 7 in Y. A 5-polynomial ideal X in .F{Y} is an ordinary algebraic ideal 
which is closed under derivation, i.e. 8(X) C I. In this paper, by 5-ideals we mean 
5-polynomial ideals, and by a 5- J 7 - ideal we mean an ideal in .F{Y}. And a prime 
(resp. radical) 5-ideal is a 5-ideal which is prime (resp. radical) as an ordinary 
algebraic polynomial ideal. For convenience, a prime 5-ideal is assumed not to be 
the unit ideal in this paper. 

By a 8-affine space we mean any one of the sets £ n (n €E N). An element r\ = 
(771, ... , rj n ) oi£ n will be called a point. Let E be a subset of 5-polynomials in XjY}. 
A point 77 = (771, . . . , rj n ) E £ n is called a 5- zero of E if f(rj) = for any / € E. The 
set of 5-zeros of E is denoted by V(E), which is called a 8 -variety defined over F 
(abbr. 5- J 7 - variety). And for any D € J^Y}, V(E/D) = V(£) \ V(D) is called a 8- 
quasi-variety. By convenience, we also call U^ 1 V(Ej/Z)j) a 5-quasi- variety, where 
Ei and Di are 5-polynomial sets and 5-polynomials respectively. The 5-varictics 
in £ n (resp. the 5-J 7 -varieties in £ n ) are the closed sets in a topology called the 
Kolchin topology (resp. the Kolchin X-topology) . 

For a 5-J 7 -variety V, we denote I(V) to be the set of all 5-polynomials in ^{Y} 
that vanish at every point of V. Clearly, I(V) is a radical 5-ideal in .F{Y}. And 
there exists a bijective correspondence between Kolchin ^-closed sets and radical 
5-ideals in .F{Y}. That is, for any 5- J 7 variety V, V(I(V)) = V and for any radical 
5-ideal 2 in T{Y}, I (¥(!)) =1. 

Similarly as in algebraic geometry, an J-"-irreducible 5-variety can be defined. 
And there is a bijective correspondence between .F-irreducible 5- varieties and prime 
5-ideals in .F{Y}. A point 77 £ V(X) is called a generic point of a prime 5-ideal 
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1 C -^{Y} if for any (5-polynomial p £ ^{Y} we have p(rf) = <=i> p e 1. It is well 
known that [32J, p. 27] 

Lemma 2.1. A non-unit 5-ideal is prime if and only if it has a generic point. 

And by the definition of universal <5-fields, a prime (5-ideal over any finitely gen- 
erated (^-extension field of T has a generic point in £ n . A point n £ V is called a 
generic point of an irreducible (5-variety V if n is a generic point for 1(V). 

Notice that irreducibility depends on the base field over which the ^-polynomials 
are defined. For instance, (Syi) 2 — t is an irreducible (5-polynomial in Q(t){yi} 
where S = J^; but it can be factored in Q(Vt){yi}- Thus, to emphasize the base 
field, in the rest of the paper, we will use 1 = [£] C <?{Y} to denote the (5-ideal 
generated by £ in and use Q\ ■ X to denote the (5-ideal generated by 2" in 

£>i{Y} where Gi C £ is a (5-extension field of Q. 

2.2. Characteristic sets of a differential polynomial set. Let / be a 6- 

polynomial in .F{Y}. We define the order of / w.r.t. yi to be the greatest number 
k such that appears effectively in /, which is denoted by ord(/, y.;). And if yi 
does not appear in /, then we set ord(/, yt) = — oo. The order of / is defined to be 
max 4 ord(/, that is, ord(/) = max, ord(/, yt). 

A ranking Si is a total order over 0(Y), which is compatible with the derivations 
over the alphabet: 

1) S9yj > 8yj for all derivatives 9y 3 £ 9(Y). 

2) 0m > e 2 y. } =^ S6 m > S9 2 y 3 for 6 1 y h 6 2 y j G 6(Y). 
By convention, 1 < 9yj for all 9y 3 - £ 9(Y). 

Two important kinds of rankings are the following: 

1) Elimination ranking: yi > yj =>■ 5 k y L > S l yj for any k, I > 0. 

2) Orderly ranking: k > / 5 k yi > S l yj, for any i, j £ {1, 2, . . . , n}. 

Let p be a (5-polynomial in ^{Y} and 3% a ranking endowed on it. The greatest 
derivative w.r.t. which appears effectively in p is called the leader of p, which 
will be denoted by u p or ld(p). The two conditions mentioned above imply that 
the leader of 9p is 9u p tor 9 £ 8. Let the degree of p in u p be d. We rewrite p as 
an algebraic polynomial in u p . Then 

P = I d u d p + h-iup 1 - 1 + ■ ■ ■ + J . 

We call Id the initial of p and denote it by I p . The partial derivative of p w.r.t. u p 
is called the separant of p, which will be denoted by S p . Clearly, S p is the initial of 
any proper derivative of p. The rank of p is u p , and we denote it by rk(p). For any 
two (5-polynomials p, q in J^Y}^, p is said to be of lower rank than q if either 
u p < u q or u p = u q = u and deg(p, u) < deg(g, u). By convention, any element 
of T is of lower rank than elements of J r {Y}\J r . We denote p < q \i and only if 
either p is of lower rank than q or they have the same rank. Clearly, -< is a totally 
ordering of -^{Y}. 

Let p and q be two ^-polynomials and u p the rank of p. q is said to be partially 
reduced w.r.t. p if no proper derivatives of u p appear in q. q is said to be reduced 
w.r.t. p if q is partially reduced w.r.t. p and deg(q, u p ) < d. Let A be a set of 
(5-polynomials. A is said to be an auto-reduced set if each (5-polynomial of A is 
reduced w.r.t. any other element of A. Every auto-reduced set is finite. 

Let A be an auto-reduced set. We denote H_4 to be the set of all the initials and 
separants of A and H^ 5 to be the minimal multiplicative set containing Ha- The 
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saturation ideal of A is defined to be 

sat(^) = [A] :H% = { P e F{Y}\3h e H%, s.t. hp G [A]}. 

Let A = Ai, A2, ■ ■ ■ , A s and B = Bi, B2, . ■ ■ , B\ be two auto-reduced sets with 
the Ai, Bj arranged in nondecreasing ordering. A is said to be of lower rank than 
B, if either 1) there is some k (< min{s, I}) such that for each i < k, Ai has the 
same rank as Bi, and Af. -< or 2) s > I and for each i € {1, 2, . . . , I}, Ai has 
the same rank as Bi. It is easy to sec that the above definition introduces really 
a partial ordering among all auto-reduced sets. Any sequence of auto-reduced sets 
steadily decreasing in ordering Ai >- A2 >- ■ • ■ Ak >~ • • • is necessarily finite. 

Let A = Ai, A2, ■ ■ ■ , A t be an auto-reduced set with Sj and L as the separant 
and initial of Ai, and / any (^-polynomial. Then there exists an algorithm, called 
Ritt's algorithm of reduction, which reduces / w.r.t. A to a (^-polynomial r that is 
reduced w.r.t. A, satisfying the relation 

t 

Y[S?l?-f = r,mod[A], 

i=l 

for nonnegative integers di, (i — 1, 2, . . . , t). We call r the pseudo remainder of / 
w.r.t. A. 

An auto-reduced set C contained in a (S-polynomial set S is said to be a charac- 
teristic set of 5, if 5 does not contain any nonzero element reduced w.r.t. C. All the 
characteristic sets of S have the same and minimal rank among all auto-reduced 
sets contained in S. A characteristic set C of a (5-ideal J reduces to zero all elements 
of J . If the (5-ideal is prime, C reduces to zero only the elements of J and we have 
J = sat(C) (P2 Lemma 2, p.167]). 

In polynomial algebra, let A = Ai,A^, . . . ,At be an algebraic auto- reduced set 
arranged in nondecreasing order. A is called an irreducible auto-reduced set if for 
any 1 < i < t, there can not exist any relation of the form 

TiAi — BiCi, mod (Ai, . . . , 

where B t , Cj are polynomials with the same leader as A t , Tj is a polynomial with 
lower leader than A i; and Bi, Ci, are reduced w.r.t. A±, ... , ([H])- Equiv- 
alently, an algebraic auto-reduced set A is irreducible if and only if there exist no 
polynomials P and Q which are reduced w.r.t A and PQ G asat(_4) = (.A) : I^ 3 , 
where rj 3 stands for the set of all products of powers of 1^ . 

In ordinary differential algebra, we can define an auto-reduced set to be ir- 
reducible if when considered as an algebraic auto-reduced set in the underlying 
polynomial ring, it is irreducible. We have ([32j p. 107]) 

Theorem 2.2. Let A be an auto-reduced set. Then a necessary and sufficient 
condition for A to be a characteristic set of a prime 5 -ideal is that A is irreducible. 
Moreover, in the case A is irreducible, sai(A)=[A] : is prime with A being a 
characteristic set of it. 

Remark 2.3. A set of ^-polynomials A = {A± . . . ,A p } is called a 6- chain if the 
following conditions are satisfied, 

1) the leaders of Ai are (5-auto-reduced, 

2) each Ai is partially reduced w.r.t. all the others, 

3) no initial of an element of A is reduced to zero by A. 
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Similar properties to auto- reduced sets can be developed for (5-chains [10 . In 
particular, we can define a (^-characteristic set of a <5-ideal I to be a (5-chain contained 
in X of minimal rank among all the <5-chains contained in X. So, in this paper we 
will not distinguish auto-reduced sets and 5-chains. Note that we can also use the 
weak 5-chains introduced in [7]. 

2.3. Dimension and order of a prime differential polynomial ideal. Let I 

be a prime (5-ideal in .F{Y} and £ = (£i, . . . , £„) a generic point of X [T9[ p. 19]. The 
dimension of X or V(X) is defined to be the 5-transcendence degree of .F(£i, ■ • ■ , £ n ) 
over J 7 , that is, dim(I) = d.tr.deg . . . ,£„)/J r . 

In [32] , Ritt gave another definition of the dimension of X. An independent set 
modulo X is defined to be a variable set U C Y such that X n .F{U} = {0}, and 
in this case U is also said to be (5-independent modulo X. And a 'parametric set of 
I is a maximal independent set modulo X. Then Ritt defined the dimension of X 
to be the cardinal number of its parametric set. Clearly, the two definitions are 
equivalent. 

Definition 2.4. [22] Let I be a prime <5-ideal of .F{Y} with a generic point rj = 
(rji, . . . , r) n ). Then there exists a unique numerical polynomial u>x(t) such that 
wx(t) = u> n /jr(t) = tr.deg : i = l,...,n;j < t)/F for all sufficiently large 

t € N. 0Ji{t) is called the S-dimension polynomial of I. 

We now define the order of a prime (5-ideal X, which is also related with the 
characteristic set of X. 

Definition 2.5. For an auto-reduced set A = A±, A2, ■ ■ ■ , A t , with ld(Ai) = yc° l \ 

t 

the order of A is defined to be ord(_4) = °i > an d the set Y\{y Cl , . . . , y Ct } is called 

i=l 

a parametric set of A. 

Theorem 2.6. [341 Theorem 13] Let I be a prime 5-ideal of dimension d. Then 
the 5-dimension polynomial has the form cox(t) = d(t + 1) + h, where h is defined 
to be the order of X or Y(X), that is, ord(I) = h. Let A be a characteristic set of 
I under any orderly ranking. Then, ord(I) = ord(A). 

In [32], Ritt introduced the concept of relative order for a prime (5-ideal w.r.t. a 
particular parametric set. 

Definition 2.7. Let I be a prime (5-ideal of .F{Y}, A a characteristic set of X w.r.t. 
any elimination ranking, and {ui, . . . , Ud} C Y the parametric set of A. The relative 
order of I w.r.t. {m, ■ . ■ , Ud}, denoted by ord Ul; ... iUd I, is defined to be ord(_4). 

The relative order of a prime 5-ideal X can be computed from its generic points 
as shown by the following result Q21|). 

Corollary 2.8. [21] Let I be a prime (5-ideal in ^{Y} with a generic point 
(£1, . . . ,£„). If {yi, . . . ,y d } is a parametric set of I, then ord yi ...^ yd (X) = tr.deg J\£i, 

■ • ■ ,£d)(£d+lj • • •,£n)/-7 : \£l! •••) Cd}- 

Ritt's definition of relative order is based on the elimination ranking. Hubert 
proved that all characteristic sets of X admitting the same parametric set have the 
same order [TP] , 

Theorem 2.9. [10] Let A be a characteristic set of a prime S-ideal X in ^{Y} 
endowed with any ranking. The parametric set U of A is a maximal independent 
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set modulo X. Its cardinality gives the dimension of X. Furthermore, the order of 
X relative to U is the order of A. 

Corollary 2.10. Let I be a prime <5-ideal with dimension zero, and A a charac- 
teristic set of I w.r.t. any ranking 1%. Then ord(I) = ord(„4). 

The following result gives the relation between the order and relative order for 
a prime <5-ideal. 

Theorem 2.11. Let I be a prime 5-ideal in J-{Y}. Then ord(X) is the maximum 
of all the relative orders ofX, that is, ord(X) = maxu ordtt (I) , where U is any 
parametric set of I. 

Proof: Let C be a characteristic set of X w.r.t. some orderly ranking. Firstly, 
we claim that any relative order of X is less than or equal to ord(C). Let U = 
{ui, . . . , u q } be any parametric set of X, {yi, . . . , y p }(p + q = n) the set of the 
remaining variables, and B any characteristic set of X w.r.t. the elimination ranking 
u\ -< . . . -< u q -< j/i -< . . . -< y p . By Theorem 12.91 it suffices to prove ordo(X) < 
ord(C). 

Let r\ = (Hi, . . . , Uq~, yx, . . . , y^) be a generic point of X. Then for sufficiently large 
t, the 5-dimension polynomial of X is 

wr(t) 

= tr.deg J '(5 s u~,5 k y- : s, k < t; i = 1, . . . , q;j = 1, . . . ,p)jl 

= tr.deg F{8 s ul : s < t)(5 k yj : k < t)/T(S s u- :s<t)+ tr.deg F{5 s ul :s<t)/J : 

= q(t + 1) + tr.deg F^Th : s < t)(6 k yj : k < t)/F{5 s ul : s < t) 

Since uj x {t) = q(t + 1) + ord(C), tr.deg F{8 s ul : s < t)(6 k yj : k < t)/F(8 a ul- s < 
t) = ord(C). By Corollary 12. 8\ we have 

ordu(I) 

= tr.deg F{ul, . . .,T^}(S k yl : k > 0)/T(uT, 

= tr.deg J" (uT, . . . ,u^){5 k Yi ■ k < t)/T(TT[, ■ ■ ■ ,Uq) (for t > ord(B)) 
< tr.deg J 7 (5 s 1m : s < t)(5 k yj : k < t)/F{5 s ul : s < t) 
= ord(C). 

Thus, the claim is proved. 

Now, let U* be the parametric set of C. Then, by Theorem 12.91 ord(I) = 
ord(C) = ordu*(X). That is, for any parametric set U of X, we have ordu(I) < 
ord(I) and there exists one parametric set U* of X such that ordu*(I) = ord(I). 
As a consequence, ord(X) = maxuordu(I). □ 

The following well known result about the adjoining indeterminates to the base 
field will be used in this paper [TU [32] . 

Lemma 2.12. Let U = {u\, . . . , u r } C £ be a set of 6 -J- '-indeterminates, Xq a 
prime S-ideal of dimension d and order h in ^{Y}, and X = J-(\J) ■ Xq the S-ideal 
generated by Xq in T(iJ){Y}. Then X is a prime S-ideal in J-"(U){Y} of dimension 
d and order h and X D T{ ¥} = Xq . 
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2.4. A property on differential specialization. The following lemma is a key 
result in algebraic elimination theory, which is used to develop the theory of Chow 
form ([T21 p. 168-169], [231 P- 161])- The result is originally given for homogenous 
polynomials. We will show that it also holds for non-homogenous polynomials. 

Lemma 2.13. Let Pi G J-~[U, Y] (i = 1, . . . , to) be polynomials in the independent 
indeterminates U = (ui , . . . , u r ) and Y = (yi , . . . , y n ) . Let Y = (y 1 , . . . , y n ), where 
Iji are elements of some extension field of J- free from J-(\J j]]. // Pi (U, Y) (i = 
1, . . . , to) are algebraically dependent over J- {15), then for any specialization U to 
U = (Ux; • ■ • j u r ) G J- r , Pi(U, Y) (i = 1, . . . , to) are algebraically dependent over J 7 . 

Proof: We sketch the proof for the case r = 1. Since Pi(m,Y)(i = l,...,m) 
are algebraically dependent over .F(iii), there exists some nonzero polynomial 
/ G J-(ui)[zi, . . . , z m ] which vanishes for Zi = P;(ui, Y). By clearing of fractions 
when necessary, we suppose / G !F[ui, Zi, . . . , z rn ]. Now specialize u\ to u\ in /, then 
we have Pl(mi, Y), . . . , P m (M!, Y)) = 0. If f(ui; z\, . . . , 2 m ) ^ 0, it follows that 
Pi(u\, Y) (i = 1, . . . , m) are algebraically dependent over T . If /(ttj.; Zi, . . . , z m ) — 
0, then f{ui\Z\,...,z m ) =_(ui - u\) 1 fx where fi{u 1 ;z 1± ...,z m ) ^ 0_ Since 

/(ui;P 1 (5i,Y),...,P ro ^i i Y)) = we have /i(Si;Pi(5i,Y),...,P m (Si,Y)) = 0. 
Thus, it follows that Pj(U, Y) (i = 1, . . . , m) are algebraically dependent over T . □ 
To generalize the above result to the differential case, we need the following 
lemma [32l p35]. 

Lemma 2.14. Suppose J- contains at least one nonconstant element. If G G ^{u} 
is a nonzero 5-polynomial with order r, then for any nonconstant rj G T , there exists 
an element cq + c\r) + C2f] 2 + ■ ■ ■ + c r if which does not annul G, where cq, . . . , c r 
are constants in T . 

By arbitrary constants a±, . . . , a s over J° ', we mean a±, . . . , a s are constants in £ , 
which are algebraically independent over J- ' . As a consequence of Lemma 12.141 we 
have 

Corollary 2.15. Suppose T contains at least one nonconstant element. If G G 
J~{u} is a nonzero (5-polynomial with order r, then for any nonconstant rj G J- and 
arbitrary constants ao, . . . , a r over J 7 , ao + a\rj + a2i] 2 + • ■ ■ + a r rf does not annul 
G. 

Proof: Suppose the contrary. Let ao, . . . , a r be arbitrary constants over T in £ such 
that G(ao + ai^ + • • • + a r rf) = 0, where r\ is a nonconstant in T . Since ao, • • • , a r 
are constants in £ which are algebraically independent over JF, g(ao, . . . , a r ) — 
G(oq + air/ + • • ■ + a r rf ) is a polynomial in F[oq, . . . , a r ] . Now by the hypothesis, g 
is a zero polynomial. Thus, for any constants a7 G J- (i = 0, . . . , r), g(ao, ■ ■ ■ , a7) = 
G(7Tq + ~a\r\ + ■ ■ • + a^rf') = 0, which contradicts Lemma \2. 141 □ 

Now we prove the following result, which is crucial throughout the paper. 

Theorem 2.16. Let {u\, . . . , u r } C £ be a set of 5 -J- -indeterminates, and Pi(U, Y) 
G ^{U, Y} (i = 1, . . . , m) S -polynomials in the d -T -indeterminates U = (ui, . . . , u r ) 
and Y = (y±, . . . , y n ). Let Y = (yi,y 2 , ■ ■ ■ ,y„), where ]Ji G £ are 5-free from J^U). 
If Pi(U, Y) (i = 1,... , to) are 8-dependent over jF(\J), then for any specialization 
V to V in T , Pi(U, Y) (i = 1, . . . , m) are 8 -J- -dependent. 

^By saying Y free from .F(U) (resp. 5-free from J-'(U)), we mean that U is a set of indeterminates 
over J-"(¥) (resp. 5-indeterminates over ^(Y)). 
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Proof: It suffices to prove the case r = 1. Denote u\ by u. Firstly, we suppose P 
contains at least one nonconstant element. 

Since Pi(u, Y) (i = 1, . . . , m) are <5-dependent over P(w), there exists a nonzero 
G{ Zl ,...,z m ) e T(u){ Zl ,...,z m } such that G(P 1 (u,Y),...,P m ( M ,Y)) = 0. We 
can take G £ P{tt, z 1; . . . , z m } by clearing denominators when necessary. 

Since G(w, Zi, . ■ ■ , z m ) ^ 0, by Corollary 12.151 for any nonconstant 77 6 J 7 and 
arbitrary constants co,...,c s (s = ord(G,w)) over P(Y), G(u* , zi, . . . , z m ) 7^ 
where u* = X)i=o Ci7 ?*- Since G(tt, Pi(u, Y), . . . , P m (u, Y)) = and u is a <5- 
indeterminate over P(Y), when u is specialized to u* , we have G(u*, Pi(u*, Y), . . . , 
P m (w*, Y)) = 0. Regarding G as an algebraic polynomial over P in a (i — 0, . . . , s) 
and [i = 1, . . . , m; j > 0) which appear effectively, we have 

G(c o ,...,c s ,...,zp ) ,...)^0 

while 

G(c ,..., c s ,...,(P( U *, ¥))«,... )=0. 

So Pi(u*, Y))( J ) (i = 1, . . . , m; j > 0) are algebraically dependent over P(co, ■ ■ ■ , c s ), 
by Lemma I2.13[ when the Ci are specialized to constants Cj in P, the corre- 
sponding Pi (it*, Y)W (i = l,...,m) are algebraically dependent over P, where 
u* = X)i=o^ i7 ? J - That is, Pj(u*,Y) (i = 1, . . . , m) are <5-dependent over P. 

To complete the proof, if u is a nonconstant, as above we take rj = u, and 
specialize c\ 1 and other Cj to zero; else we take 77 as an arbitrary nonconstant 
and specialize Co — > u and other Cj to zero. Then in either case, u is specialized 
to u, and we have completed the proof in the case that P contains at least one 
nonconstant element. 

If P consists of constant elements, take v G £ to be a ^-indeterminate over 
P(U, Y). Now we consider in the 5-field P(w). Following the first case, for any spe- 
cialization U to U C P, we can show that Pj(U, Y) (i = 1, . . . , m) are (5-dependent 
over P(w). Since v is a ^-indeterminate over P(Y), p(U,Y)(i = l,...,m) arc 
(^-dependent over P. □ 

From the proof above, we can obtain the following result easily: 

Corollary 2.17. Let {ut, . . . , u r } C £ be a set of <5-P-indctcrminates, and Pj(U, Y) 
€ P{U, Y} (i = 1, . . . , m) ^-polynomials in the (5-indeterminates U = (ui, . . . , u r ) 
and Y = (yi, . . . , y„). Let Y = (y 1 ,y 2l . . . , y„), where IJi € £ are free from P(U). If 
the set (Pi(U, Y))^' (i = l,...,m;j = l,..., ru) are algebraically dependent over 
P(U), then for any specialization U to U in P, (Pj(U, Y))( ffii )(z = l,...,m;j 
1 ..... : are algebraically dependent over P. 

Now we give an example to illustrate the proof of Theorem 12.161 

Example 2.18. In this example r — m = n = 1 and P = Q(t) with <5 = 4z. Let 
P(u,y) — uy. Suppose that £ is a generic point of I = sat(y' 2 — 2y) C Q(t){y} 
that is 5-free from Q(t)(u). Let G(w; z) = u' 2 z" 2 + 2w(w' 2 - uu")z" - 2u'u"z'z" + 
u" 2 z' 2 + z'{-8u' 3 + Guu'u") - 3u 2 u' 2 + 2u 3 u" € Q(t){u, z}. Let y = f . It is easy to 
verify that G(u;z) 7^ and G(it; P(u,y)) = 0. That is, P(u,y) is 5-algebraic over 
Q(t)(u). We now proceed to show that when u is specialized to It = 1, P(u,y) is 
5-algebraic over Q(t). 

Clearly, G(u; z) = 0. In the algebraic case, following the proof of Lemma 12.131 
u — umust be a factor of G(it; z). Removing all factors of the form u — u, we obtain a 
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new ^-polynomial G\{u\ z) which still satisfies G\(u; P(u,y)) = and G\{u; z) ^ 0. 
But, in the differential case G(u; z) may not contain any factor involving u~u and 
its derivatives. 

Follow the steps in Theorem l2.16[ let Co, c±, c 2 be arbitrary constants over Q(i)(£) 
and r) = t. Denote u* = c a + c\t + c 2 t 2 . Then G(u*;z) = ~4tiz'c\t 3 - 6c cft - 
12c 4t 4 - 14c? t 3 c 2 - TJc\^c\ + Az' 2 c 2 2 - 8z'c? - 3c 2 c 2 - 3cft 2 - 8c*t 6 + Ac 3 Q c 2 + z" 2 c\ - 
36z / clc 2 t-60z'c 1 clt 2 + 12z'c o c 1 c 2 + 24:z'coclt~18c Q c 2 1 t 2 C2~2Acoc 1 t 3 cl + 4:z'' 2 c 1 C2t+ 
6z"cft 2 c 2 + &z"c x t 3 c 2 2 - 4z'z"cic 2 ~ 8z'z"cjt - 24cii 5 c^ + 2z"c c\ - Az"c%c 2 + 
Az" 2 c 2 t 2 + 2z"c\t+^z"c 2 H i ^ and G{u* ; P{u* ,y)) = 0. Regard G(u* ; z) as an alge- 
braic polynomial in Q(f)[co, c\,c 2 ; z, z' , z"], denoted by <?(co, Ci, c%; z, z', z"). Then 
P(u*,y),P(u*,y)',P(u*,y)" are algebraically dependent over Q(t)(c , ci, c 2 ). So 
the problem is converted to an algebraic one, and we can use Lemma 12.131 to solve 
it. 

To be more precise, firstly, specialize c 2 to 0, we obtain g(co, ci, 0; z, z', z") = 
z" 2 c\ + 2z"c c\ + 2z"c\t - 6c 4t - %z'c\ - ic\c\ - Zc\t 2 ^ and g(c , a, 0; P(c + 
Cit,y),P(co + cit,y)' ,P(cq + at,y)") = 0. Then specialize ci to 0, we obtain 
g(co, 0, 0; Z, z', z") = and g(co, c\, 0; z, z', z") = c\g\ where g\ = z" 2 + 2z"co + 
2z"c\t — 6codt — 8z'a — 3cg — ic\t 2 . Clearly, <?i(co, ci; P(cq + c\t,y),P(co + 
c\t,y)' ,P(cq + cit,y)") = 0. Specialize c\ to in g\, g 1 — z" 2 + 2z"cn — 3cq 
while g^co; P(c ,y), P(c ,y)', P(c ,y)") = 0. Now specialize c to u = 1 in g x , we 
obtain g 2 (z,z',z") = z" 2 + 2z" - 3. Clearly, £',£") = where £ = P(u,y). 
Thus, P(u,y) is <5-algebraic over Q(t). Also, P(u,y), P(u,y)' and P(u,y)" are 
algebraically dependent over Q(t). 

3. Intersection theory for generic differential polynomials 

In this section, we will develop an intersection theory for generic (^-polynomials 
by proving Theorem ll.il As a consequence, the dimension conjecture is shown to 
be true for generic ^-polynomials. These results will also be used in Sections 4 and 
6 to determine the order of the Chow form. 

3.1. Generic dimension theorem. In this section, we will show that the dimen- 
sion conjecture is valid for certain generic (5-polynomials. To prove the dimension 
conjecture in the general case, one simple idea is to generalize the following theorem 
(P3 P-43]) in algebra to the differential case. 

Theorem 3.1. Let X be a prime ideal of dimension d > and f G .F[Y]. If 
(X, /) 7^ (1). Then every prime component ofY(X,f) has dimension not less than 
d — 1. Moreover, if f is not in X, then every prime component ofY(X,f) has 
dimension d — 1. 

Unfortunately, in the differential case, the above theorem does not hold. Ritt 
gave the following counter example. 

Example 3.2. [32l p.133] p = yf - y\ + y 3 (yiy' 2 - y2y[) 2 € -^1,2/2,2/3} and 
/ = 2/3, where T is the field of complex numbers. Then sat(-F) is a prime (5-ideal of 
dimension two. But, \/[sat(p), /] = [y±, y 2 , j/3] which is a prime (5-ideal of dimension 
zero. 

It could also happen that when adding a 5-polynomial to a prime <5-ideal which 
it does not belong to, the dimension is still the same. 
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Example 3.3. Let p = y[y 2 ' — y'iv'i- Then sat(p) = [p] : y'f is a prime (5-ideal of 
dimension one. It is clear that y' 2 $ sat(p) and [sat (p), y 2 ] — [y'2] is still a prime 
5-ideal of dimension one. 

In this section, we will prove that Theorem 13.11 is valid for certain generic 5- 
polynomials, which will lead to the solution to the dimension conjecture in these 
generic cases. 

Definition 3.4. Let m SiT . be the set of all (5-monomials in ^{Y} of order < s 
and degree < r. Let U = {u m \ m ^ lms r be a set of elements of £ that are S-J-- 
indeterminates. Then, 

/ = ^2 u m m 

is called a generic S -polynomial of order s and degree r. If s = 0, then / is also 
called a generic polynomial of degree r. A generic 5 -hyper surf ace is the set of zeros 
of a generic (5-polynomial. 

We use Uf to denote the set of coefficients of a generic ^-polynomial / and 
(3.1) u f =Uf\ {u } 

where uq is the degree zero term of /. By saying that a point r\ € £ n is free from 
the pure ^-extension field ^"(u/) over J 7 , we mean u/ are (5-J r (?7)-indeterminates. 

Throughout the paper, a generic (5-polynomial is assumed to be of degree greater 
than zero. 

Lemma 3.5. Let X be a prime S-ideal in -FjY} with dimension d and f a generic 
S-polynomial. Then Xq = [I,/] is a prime 5-ideal in J-"(u/){Y, uq} with dimension 
d, where Uf is defined in h3.1\) . Furthermore, Iq n J r (uj){uo} = {0} if and only if 
d>0. 

Proof: Let £ = (£1, . . . , £„) be a generic point of X over T that is free from J-(uj) 
and / = u + f Q where f = u m m. We claim that (£1, . . . , £„, -fo(0) is 

dcg(m)>l 

a generic point of I over J-'(uj). Thus, it follows that 1$ is a prime <5-ideal by 
Lemma 12.11 

Clearly, . . . , £„, — /o(£)) is a zero of 2q. Let g be any (5-polynomial in 
T(uf){yi, . . . , y n , u } which vanishes at (£1, . . . , £ n , ~/o(0)- Regarding u as the 
leader of /, suppose the pseudo remainder of g w.r.t. / is gi, then we have 

g = gt, mod [/] 

where g\ € J-(uf){yi, . . . ,y n }. From the above expression, <?i(£) = 0. Since £ is 
also a generic point of ^(u/) • I over .F(u/}, gi 6 -^(u/) • X. Thus, g € Zo and it 
follows that (£1, . . . , £„, — /o(C)) is a generic point of lo over ,F(u/) and lo is prime. 
By Lemma I2T2I 

dimlo = d.tr.degJ r (u / )(£i,...,£„,-/ (£))/-7 r (u/) 
= d.tr.deg^)^!,...,^)/^) 
= d.tr.degJ 7 ^!, . . . ,£ n )/F = d. 

Now consider the second part of the lemma. If d = 0, then dimZo = 0, so 
2o n J r (u/){u } # {0}. Thus, if T n J"(u/){u } = {0}, then d > 0. It remains to 
show that if d > 0, then Iq n J-"(u/){uo} = {0}. Suppose the contrary, then there 
exists a nonzero (5-polynomial p(u/,uo) € Iq n ^{u/, uq}- So p(u/,— /o(0) = 0- 
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Then, <j> = — /o(£) is 5-algcbraic over X"(u/). Denote the coefficient of any monomial 
yi in / to be um- So for any fixed i when Uio is specialized to —1 and all the other 
u G Uf specialized to zero, by Theorem l2.161 we conclude that (f> = = 1, . . . , n) 
is 5-algebraic over X, which contradicts to the fact that X has a positive dimension. 
SoX nX<u/){<it } = {0}. □ 
Now, we will prove the first key result of this paper, which shows that by adding 
a generic ^-polynomial to a prime (5-ideal, the new <5-ideal is still prime and its 
dimension decreases by one. This is generally not valid if the ^-polynomial is not 
generic as shown in Examples 13.21 and 13.31 

Theorem 3.6. LetX be a prime 5-ideal in X{Y} with dimension d and f a generic 
5 -polynomial. If d > 0, then X\ = [X, /] is a prime 6 -ideal in X(uy){Y} with 
dimension d — 1. And if d = 0, then X\ is the unit ideal in X(u/){Y}. 

Proof: Firstly, we consider the case d > 0. Let . . . , £ n ) be a generic point of X 
over X that is free from the pure (^-extension field X(u/} over X and / = uq + fo 
where fa = X) w m m. By Lemma [331 Xo = [X /] C X(u/){Y,wo} is a prime 

dcg(m) > 1 

5-ideal, where 5/ is defined in (I3.ip . By Lemma 1331 Iq H X(u/){m } = {0}. So 
Xx = [Xq] in X(u/){Y} is not the unit ideal, for if not, 1 G X\. Then there exist 
5-polynomials g t G X C X{Y}, iJy ,G fe G X(u/){Y} such that 1 = V, , //,,.//;•' + 
Sfc Gkf( k \ By clearing denominators in the above expression, we obtain a nonzero 
(5-polynomial in X H X{uy}, a contradiction. 

Now we claim that I\ is prime and Xi n J r (uj){Y,w } = X . Suppose gji G 
X(u^){Y} and 5/1 G I\. By collecting denominators, there exist Di,D 2 G X{uj} 
such that D ig ,D 2 h G X{u/,Y}. And (Dxg) ■ (D 2 h) = D 1 D 2 (gh) G X x still holds. 
Similarly to the procedure above, we can find a nonzero D G X{u/} such that 
D ■ {Dig) ■ (D 2 h) G Xo. Since Xo is prime and Xo n X(u/){uo} = {0}, Dig G Xo or 
D 2 h G Xo. It follows that g G Xi or ft £ Ii. Since Xi is not the unit ideal, Xi is 
prime. And for any g G Xi flJ(u/){¥, mo}, there exists some D G X{u/} such that 
Dg G X , so g G X . Thus, Xi n X(u/){Y, wo} = Xo- 

Suppose £1, . . . , £d are ^-independent over X". Then, . . . , yd} is a parametric 
set of X. Thus each yd+i(i — 1, . . ■ ,n — d) is (^-dependent with j/i, . . . , yd modulo 
Xl, since Icli. By Lemma 13.51 dimX = d. Then u , j/i, . . . , yd are 5-dependent 
modulo X , so {yi, . . . , yd} is 5-dependent modulo X\. Thus dirnXx < ef — 1. Now 
we claim yi, . . . , y^-i are (5-independent modulo Xl, which proves dimXi — d — 1. 
Suppose the contrary: y%, . . . , j/d-i are 5-dependent modulo Xi. Thus there exists a 
nonzero ^-polynomial p(yi , . . . , j/d-i) G X x . Takep G X{u/, yi, . . . ,Vd-l, "o}- Then 

P (G / ,a,...,e d -i,-/o(e)) = o. 

That is, £1, . . . , £d-i> — /o(£) are ^-dependent over X(u/). Now we specialize u^o 
to —1, and the other u G u/ to zero, where Udo refers to the coefficient of the 
monomial yd in /. Then — /o(£) is specialized to £<2. By Theorem 12. 16[ £1,.. • ,£<j 
are 5-dependent over X, which is a contradiction. So in this case dimXi = d — 1. 

Now, it remains to show the case d — 0. Since d — 0, by Lemma 13.51 Xq fl 
X(u/){-u } 7^ {0}. So X n X(u/) ^ {0}, and consequently X x = [X ] in X(u/){Y} 
is the unit ideal. □ 

A special case of Theorem 13.61 is particularly interesting and its algebraic coun- 
terpart is often listed as a theorem in algebraic geometry textbooks [HI p. 54, p. 110]. 
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Theorem 3.7. Let 1 be a prime S-ideal in .F{Y} with dimension d > 0. Let 
{uq,ui, . . . ,u n } C £ be a set of 5-J- ' -indeterminates. Then 1\ = [X, uq + u\y\ + 
• • • + u n y n ] is a prime S-ideal in J-(uo, u±, . . . , u n ){Y} with dimension d — 1. 

Theorem 13.61 is also valid for a wider class of ^-polynomials. A (5-polynomial 
/ in Y is said to be quasi-generic, if 1) the coefficients of / as a (5-polynomial in 
yi, . . . , y n are 5- indeterminates and 2) in addition to the degree zero term, for each 
1 < i < n, f also contains at least one <5-monomial in T{yi\ \ T . For instance, 
f = uq + u\y\ + uiy\y2 is not quasi-generic, because / contains no monomials in 
T{yi\ \T. 

The proof for Theorem 13.61 can be easily adapted to prove the following result. 

Corollary 3.8. Let 1 be a prime (5-ideal in T{Y} with dimension d and / a quasi- 
generic 5-polynomial with u/ as the set of coefficients. If d > 0, then 1\ — [1, f] 
is a prime (5-ideal in J r (u/){Y} with dimension d — 1. And if d = 0, then X\ is the 
unit ideal in J r (u/){Y}. 

By independent generic (resp. quasi-generic) 5 -polynomials, we mean that the 
coefficients of all of them are ^-independent over T . As a direct consequence, we 
can show that the dimension conjecture is valid for quasi-generic (^-polynomials. 

Theorem 3.9 (Generic Dimension Theorem). Let fi,...,f r be independent quasi- 
generic S -polynomials in J r (u){Y} with r < n and u the set of coefficients of all 
fi. Then [/i, . . . , f r ] C J^u^Y} is a prime S-ideal with dimension n — r. And if 
r > n, [/i, . . . , f r ] is the unit ideal. 

Proof: We prove the theorem by induction. Let 1 = [0]. When r = 1, by Corollary 
13.81 [fi] is prime with dimension n— 1. Assuming this holds for r — 1, now consider 
the case r < n. By the hypothesis, [/i, . . . , f r ~i] is a prime (5-ideal with dimension 
n—r+1. Note that the coefficients of f r are (5-indeterminates over ^(u^ , . . . , Uf r l ). 
Using Corollarv l3.8l again. [/i, . . . , f r ] is a prime (5-ideal with dimension n — r. When 
r > n, since [fi, . . ., /„] is of dimension zero, by Corollary 13.81 [fx, . . . , f r ] is the 
unit ideal. □ 

3.2. Order of a system of generic differential polynomials. In this section, 
we consider the order of the intersection of a (5-variety by a generic <5-hypersurfacc. 
Before proving the main result, we give a series of lemmas and theorems. 

Lemma 3.10. Let X be a prime 5-ideal in ^{Y} with dimension n — 1. Suppose 
{/} is a characteristic set of T w.r.t. some ranking ffl and f is irreducible. Then 
for any other ranking {/} is also a characteristic set ofT. 

Proof: Denote / to be / under the ranking S%. By Theorem 12.21 T = sat(/) and 
1 = sat(/) are prime (5-ideals with / and / as characteristic sets respectively. We 
need to show that 1 = 1. Let S be the separant of /. Then for g G sat(/), we 
hnve_S m g = hf + h x f' + ... + h s f^ for m,s G N. Then, S m g £ sat(/). Since 
sat(/) is prime, we need only to show that S is not in sat(/). Suppose the contrary, 
S G sat(/). Since S is partially reduced w.r.t. /, we have S = hf for a 5-polynomial 
h, which is impossible since S = -§£j- SoICI. Similarly, we can prove that I D 1, 

thus 1 = 1. □ 
If S is any set of (5-polynomials in £{Y}, then its set of zeros in £ n is called the 
5-variety of 5, still denoted by Y(S). The following lemma generalizes a result in 
p. 5] to the case of positive dimensions. 
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Lemma 3.11. Let the S-variety of a system S of 5 -polynomials in .?"{¥} have a 
component V of dimension d and order h. Let S be obtained from S by replacing 
y[ by y[ k+1 \k — 0,1,...) in all of the S -polynomials of S. Then the S-variety 
of S has a component V of dimension d and order h\ such that h < hi < h+ 1. 
Moreover, if there exists a parametric set U not containing y\ such that the relative 
order ofl(V) w.r.t. U is h, then the order ofV is h+ 1; otherwise, the order ofV 
is h. Ln particular, if d — 0, then ord(V) = h + 1. 

Proof: Let (£i,...,£ n ) be a generic point of V and X = l(V) € FjY}. It is 
clear that [z 1 — £i] is a prime (5-ideal in .F(£i, . . . , £, n ){z}- Let r\ be a generic point 
of \z' — Then (77, £2, • • • , £n) is a point of S. Suppose this point lies in a 
component V of S, which has a generic point (771, ... , r/ n ). Then , 772, • ■ • , t] n ) 
is specialized to (77, £2, • • • and correspondingly (rfi, 772, • • • , Tjn) is specialized to 
(£1, 62, • • • , 60- Since (fi) ■ • • > £n) is a generic point of V and (7^, 772, • • • , r) n ) is a 
zero of S, the latter specialization is generic, that is, (77^, 772, . . . , rj n ) is a generic 
point of V. We claim that any parametric set U of 1 is a parametric set of I(V), 
and ordyl < orduI(V) < ordoZ + 1, which follows that dim(y) = d and by 
Theorem l2.111 h < ord(V) < h + 1. Let U be any parametric set of I. We consider 
the following two cases. 

Case 1: y\ ^ U. Suppose U is the set of t/ 2 , . . . , Vd+i- By Corollary 12.81 we have 

mA V2,.-,y d +i' 1 = ri.degJ r (£i, . . .,£ d ,£ d+1 , . . . , £„)/J"(6, • ■ -,€d+i}- 

Since £2, ■ • ■ , £d+i are S- independent over J 7 , 772, ... , 7/d+i must be (^-independent 
over J", i.e. 1(F) n J"{U} = {0}. 

tr.degJ"(77i,772, . . . , ■q n )l^{m, ■ ■ -,Vd+i) 
> tr.deg F{r), £2, • • • , £n)/F{&, ■ ■ • , £d+i) 

(for (771, 772, . . . , ?7„) can be specialized to (77, f 2 , • • • , £n)) 
= tr.deg ^(6, • • .,£n)AF<&, ■ • • ,£«n-i) + tr.deg ^(d, . . . , UfaV-Ffo, ...,&,) 
= md y2,-,y d+ J + 1 

and 

tr.deg J"(t7i, . . . , T) n ) / F{r]2, ■ ■ - 
< 1 + tr.deg J 7 (771, 772 . . . , ?7„)/J'<772, • • ■ , 7?d+i) 
= 1 + ord y2i ... iyd+1 I 

So tr.deg "F^i, . . . , ri n )/F{n 2 , . . . , Vd+i) = 1 + or d y2 ,...,y d+1 Z < 00. Thus V is of 
dimension d and {t/ 2 , . . . , yd+i} is a parametric set of I(V). Moreover, the relative 
order of l(V) w.r.t. y 2 , . . . , yd+i is ordy 2t ... iyd+1 T + 1. 

Case 2: y\ e U. Suppose U = {yi, . . . ,y<i\. Then by Corollary 12.81 ordol = 
ord^,...,^! = tr.deg J" (£1, . . . , £„)/J"(£i, . . . , We have seen that (77^772, ■ ■ ■ ,rj n ) 
is a generic point of V. Since tr.deg J* (£1, . . . , £n)(7?)/J"(£i, . . . , £„) = 1 and (771,772, 
...,r/ n ) can be specialized to (77, £2, • • • , £n), ?7i is algebraically independent over 
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F{ni,m> ■ ■ •>%)• So 

tr.deg J" (771, . . . ,77„)/J r (r7i, ...,%) 
= tr.deg F{r}i ) (■/][, 772 • ■ • , Vn)/F(vi ) {rj[ , rj 2 , . . . , r) d ) 
= tr.deg J"(r?i , r? 2 , • . . , r)n)/ F(v[ , % , • • • , Vd) 

(for tr.deg J r (^,...,77„)(?7i)/J : '(?7 / 1 ,...,?7 Il ) = 1) 

= 

Since (771, . . . , 77^) can be specialized to (77, £2, ■ • ■ , £d) over J-, d > d. tr.deg J 7 (771, 
• • • , Vd)/^ > d.tr.deg F{r}, £2 , . . . , id)/F > d.tr.deg Ffa , £ 2 , ■ • ■ ,£d) I? = d. Since 
tr.deg F(tii, . . . , rj n )/F{rn^ .,r) d ) < 00, we have d.tr.deg ^(771, . .. ,r/ d ,. .. ,r) n )/F_ = 
d. Thus in this case, dim(V^) = d and U = {j/i, . . . , yd} is a parametric set of 1(V) 
with ord yu ... M l(V) = onl v . „ 7.. _ 

Consider the two cases together, we can see dim(V) = d. And by Theorem 12. Ill 
h < ord(V) < h + 1. Moreover, if there exists a parametric set U not containing 
yi such that the relative order of I(V) w.r.t. U is h, then the order of V is h + 1; 
otherwise, the order of V is h. In particular, if d = 0, then y% ^ U = 0. From case 
1, ord(F) = ord(V) + 1 = h + 1. □ 

Let t/ C £ be a <5-extension field of J- . By a 5 -J- -isomorphism of 5, we mean a 
(5-isomorphic mapping of CJ onto a J-field Q' C £ such that (a) is an extension 
of (b) the (^-isomorphic mapping leaves each element of J- invariant. By means 
of well-ordering methods, it is easy to show that a ^-^-isomorphism of Q can be 
extended to a S- T- automorphism of £. We will use the following result about 
(^-isomorphism. 

Theorem 3.12. |20j Let Q C £ be a 5-extension field of JF and 7 G Q . A necessary 
and sufficient condition that 7 be a primitive element of Q, i.e. Q = J'i'j), is that 
no J- -isomorphism of Q other than the identity leaves 7 invariant. 

The following theorem as well as Theorem 13.61 prove Theorem ll.il 

Theorem 3.13. Let X be a prime S-J- -ideal with dimension d > and order h, 
and f a generic 5-polynomial of order s. Then X\ = [X,/] is a prime 8-ideal in 
J-(uf){Y} with dimension d — 1 and order h + s. 

Proof: By Theorem 13.61 X\ is prime with dimension d — 1. Now we prove the order 
of X\ is h + s. 

Let si be a characteristic set of X w.r.t. an orderly ranking with y±, . . . ,y d 
as a parametric set. By Theorem 12. 6\ ord(gf) = h. Suppose £ = (£i,...,£ n ) is 
a generic point of X that is free from the pure extension field J-(uf) over T . Let 
/ = «o + fo where / = ^ u m m. Let X = [X, /] in ,F(u/){j/i, . . . , y„, u }, 

dcg(m) > 1 

where u/ is defined in (|3.ip . By Lemma 13.51 Xq is a prime 5-ideal of dimension d 
with a generic zero (£1, . . . , £ n , — /o(£))\ and 7t is (^-independent modulo To. Io and 
Ii have such relations: Any characteristic set of Io with 7*0 in the parametric set 
is a characteristic set of X\ , and conversely any characteristic set of X\ , by clearing 
denominators in J-(vif) {uq} when necessary is a characteristic set of Xq with uq in 
the parametric set. By Theorem 12. ill we have ord(Ii) < ord(Zo)- 

We claim that ord(2o) < h + s. As a consequence, ord(Ii) < h + s. To prove this 
claim, let Xq^ = \X, + fo](i — 0, . . . , s) in T(vLf){y\, . . . , y n , uq}- Similarly to 
the proof of Lemma [331 ^ s a P r hne S- ideal of dimension d. Let / be the pseudo 
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remainder of Uq + /o w.r.t. A under the ranking 2tf,. Clearly, ord(/, uq) = s. It 
is obvious that for some orderly ranking, {A, /} is a characteristic set of Zq with 
yi,...,Ud as a parametric set. So ord(Zg ) = h + s. Using Lemma 13.111 s times, 
we have ord(I ) < ord^^) < ■ ■ • < ord(I^ } ) = h + s. 

Now, it suffices to show ord^) > h+s. Let w — Mo+Ei=i Ej=o UijUi ^ e a new 

^-indeterminate. Let u g be the set of coefficients of g = w + E"=c2+i Ej=o u i3Vi + 
/i regarded as a <5-polynomial in w and Y, where f± is the nonlinear part of / 
in Y. We denote T\ = J-(u g ). Then Z 2 = [X, <?] in J^iiui, ■ ■ ■ ,Vn,w} is a prime 
5-ideal with a generic point (£1, . . . , £ n , 7) where 7 = - J2i=d+i Ej=o ~ 
/i(6.i • • • i £n)- We claim that 7 is a prim itive element of T\ (£1 , . . . , £ d ) (62+1 > • • • > £n) 
over IFi^x,.,., 6z). By Theorem 13. 121 it suffices to show that no 1Fi{£i, ■ ■ ■ , 
isomorphism of • • • , £d)(£d+i> • • • > £n) other than the identity leaves 7 in- 

variant. Let tp be any 6-.Fi(£i, . . . , ^-isomorphism of . . . , 62) (62+1, ■ - ■ , £n) 

which leaves 7 invariant, and (^(^d+i) = ryd+i (i = 1, . . . , n— d). Since each £d+i (i = 
1, . . . , n— d) is (5-algebraic over . . . , £d) and ip is an isomorphism leaving each 

element of . . . , £d) invariant, we can see that each rjd+i (i = 1, . . . , n — d) is also 
(5-algebraic over . . . , £d)- So, 7/d+i (z = 1, . . . , n — d) are also free from J"(u/). 

From ^(7) = 7, we have - E"=d+i Ej=o u iM ~ fl(€i, ■ ■ ■ , €d, Vd+l, ■ ■ ■ , Vn) = 
~ Yn=d+i Yfj=o u ij£i - /l(£b • • • ,$d, 62+1, ••-,&») which can be rewritten as: 

n s 

E E - ^ 0) ) + • • • . £») - ...,»?„) = 0. 

i=d+l j=0 

Since u/ are <5-indeterminates over .F(£i, . . . , Cn,Vd+i, ■ ■ ■ > f/Vi), we have £i — r/i — 
0(i = d + 1, . . . , n). So </? must be the identity map and the claim follows. 

Since • ■ • ,62,62+1, •••>Cn) = ^l^i) ■ • ■ ,€d)(l), 7 is 5-algebraic over T\ (£1 , 

£ d ) and each £d+ 4 e • • • , £d)(l}(i = l,...,n-d). Let #(£!,...,&,«;) 

be an irreducible <5-polynomial in £d){?i>} annulling 7 of the lowest 

order. By clearing denominators when necessary, suppose R(yi, ■ ■ ■ , yd, w) is an 
irreducible 5-polynomial in T\{yxi ■ ■ ■ , Vd, w }- Clearly, R(yi, . . . ,yd,w) G X%. And 
there exist A, € I2 with the form A, = P,(yi, . . . , yd, w)y d +i + Qi{yi, ...,y d ,w) 
(i = 1, . . . ,n — d), which are reduced w.r.t. i?. Since X% n ^{yi, . . . , y<j, w} is a 
d-dimensional prime (5-ideal, by Lemma l3.101 {R} is its characteristic set w.r.t. any 
ranking. So for the elimination ranking yi -< . . . -< yd -< w -< yd+i -<•••-< y n , a 
characteristic set ofI 2 is {R{yi, . . . ,y d ,w), A%, . . . , A n -d}- Since . . . ,^ n >7) = 

. . . ,£„), by CorollaryEH ord yii ... i j /d I 2 = ord vl ,... jW (I) = ord(A) = /i. Thus, 
ord(i?, iy) = /i. 

Let U = {u,j : i — 1, . . . ,d;j = 0, . . . ,s}. In J"i(U){w;, yi, . . . , y„}, I 2 is also 
prime with i?(yi, . . . , yd, w), A\, . . . , A n _d as a characteristic set w.r.t. the elimina- 
tion ranking y 1 -< . . . -< y d -< w -< y d+ i -<!... -< y n . Let 

<p : J"i(U){yi, . . . ,y n ,w} — > J"i(U){yi, . . . , y„, u } 

w + E<=i Ej=o 

y t y» 

be a (5-homomorphism over J-"i(U). Clearly, this is a (5- isomorphism which maps 
I2 to Iq- It is obvious that Iq has <fi(R), ^(Aa), • • • , 4>(A n -d) as a characteristic 
set w.r.t. the elimination ranking yi -< . . . -< yd ~< uq -< yd+i -<•■•-< Un with 
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rk((t>(Ai)) = yd+i{i = l,...,n — d). We claim that ord(0(i?), y\) > h + s. If 
ord(i?, yi) > h + s, rewrite R in the form R = J2i/> u (w)^i P"(j/l> • • • )Vd)^{ w ) + 
p(yi, ■ ■ ■ , yd) where %l> v (w) are monomials in w and its derivatives. Then 

d s 

»=i j=o 

= ^2 Pv(yi,---,yd)i>v(uo)+p(yi,...,yd) 

+terms involving iiy (i = 1, . . . , d; j = 0, . . . , s) and their derivatives. 

Clearly, in this case we have ord(4>(R) , yi) > max{ord(p„, y\), ord(p, y±)} — ord(i?, 
yx) > h + s. If ord(i?, y\) < h + s, rewrite R as a polynomial in w^ h \ that is, R — 
I l ( w Wy +Il _ 1 ( w (h)y-i + ... +Io , Then^( J R) = ^(J i )[( Uo +EtiE J S =o^i2/f 

0(/l-l)[(«o + Eti E;=o ^P)^]^ 1 + • • • + 0(4)- Since ord(0(I fe ), y x ) < h + s 
(k — 0, ■ ■ ■ ,1), we have exactly ord(</)(i?), yi) — h + s. Thus, consider the two cases 
together, ord(</>(i?), yi) >h + s. 

Since XonJ r i(U){yi, . . . , y d , uq} is a e?-dimensional prime 5-ideal, by Lemma l3.10[ 
{4>(R)} is its characteristic set w.r.t. any ranking, in particular, for the elimination 
ranking uq -< j/2 -< • • • -< yd ~< J/i- So w.r.t. the elimination ranking uo -< j/2 -< ■ ■ • -< 
Vd<yi< Vd+i -<.-.-< y™, 0(^4i), • • . ,0(A n _ d )} is a characteristic set of X , 

thus a characteristic set of Xy. By Theorem 12. Ill ord(Ii) > ordj, 2 ,... iJ , d Xi > /i + s. 
Thus, the order of Xy is h + s. □ 
As a consequence, Theorem 13 . 71 can be strengthened as follows. 

Theorem 3.14. Let X be a prime S-ideal in .F{Y} with dimension d > and 
order h. Let {uq, uy, . . . , !!„} a £ be a set of b-T -indeterminates. Then Xy = 
[X, uo + u i?/i + ' ' ' + u n y n ] is a prime S-ideal in F{uq, uy, . . . , w ra ){Y} urafft dimension 
d — 1 and order h. 

As another consequence, the dimension theorem for generic ^-polynomials can 
be strengthened as follows. 

Theorem 3.15. Let fy, ■ ■ ■ , f r (r < n) be independent generic 5 -polynomials with 
each fi of order Sj. Then [/i, . . . , f r ] is a prime S-ideal with dimension n — r and 
order El=l s * over ^( u h > • ■ • > u /r) ■ 

Proof: We will prove the theorem by induction on r. Let I = [0] C -^{Y}. Clearly, 
I is a prime 5-ideal of dimension n and order 0. For r = 1, by Theorem 13.131 
[fi] = [X, fi] is a prime 5-ideal of dimension n — 1 and order sy. So the assertion 
holds for r = 1. Now suppose the assertion holds for r — 1, we now prove it for r. 
By the hypothesis, X r _y = [/i, . . . , fr—i] is a prime 5-ideal of dimension n — r + 1 
and order Ei=i s » over ■^( u fi > ■ ■ ■ ; u /r-i)- Since fi,...,f T are independent generic 
(^-polynomials, using Theorem 13.131 again. I r = [/i,...,/ r ] is a prime (5-ideal of 
dimension n — r and order E[=i s * over ^(u/u-.-jUj,,). Thus, the theorem is 
proved. □ 

Remark 3.16. When / is a quasi-generic 5-polynomial, Theorem 13.131 may not 
be true. A counter example is as follows. Let X = [j/2, ■ • ■ , Vn] € J~{Y} and / = 
uo + uiy±+U2y2 + ■ ■ ■ + u n y'J l . Clearly, / is a quasi-generic ^-polynomial and [X,f] is 
a prime 5-ideal of dimension 0. But ord([I, /]) = ord(I) = ^ ord(I) +ord(/) = 2. 
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4. Chow form for an irreducible differential variety 

In this section, we define the differential Chow form and establish its properties 
by proving Theorem 11.21 

4.1. Definition of differential Chow form. Throughout this section, we assume 
that V C £ n is an irreducible S- T- variety with dimension d and I = I(V) C ./""{Y}. 
Let 

(4.1) u = {uij(i = 0,...,d;j = 0,...,n)} 

be (d + l)(n + 1) (J-J-'-indeterminates in £. 

By saying that a point 77 € £ n is free from the pure <5-extension field J-(u) over 
JF, we mean u are 5-indeterminates over J-{rj). Let £ = (£1,... , £ n ) be a generic 
point of V which is free from J-(u) and £0, £1, . . . , Q elements of .F(u, £1, . . . , £„): 

n 

(4.2) Ca = -^u (7lO £ p (a = 0,...,rf) 
where 

u = {uij(i = 0, ...,d;j = 1, 

We will show that the 5-transcendence degree of £0, . . . , £d over J-"(u) is d. 

Lemma 4.1. d.tr.deg J^u) (£0, . . . , £d)/J-"(u) = d. Furthermore, if d > 0, &>• • • >Cd 
are (5 '-independent over J-(u) . 

Proof: By Lemma OH! d.tr.deg J"(u)(£i, . . . ,£„)/J r (u> = d. Since the d + 1 
elements £o,...,£d belong to J"(u, £1, . . . , £ n ), they are 5-dependent over J-(u). 
Then, we have d.tr.deg .F(u) (£0, £d)/.F(u) < d. Thus, if d = 0, we have 
d.tr.deg J-(u) (£ ,..., £ d ) / J-(u) =0. 

Now, suppose d > 0. We claim that £1, . . . , Q are (^-independent over .F(u), thus 
it follows that d.tr.deg .F(u)(£o, Q}/J-(u) = d. Suppose the contrary. Since 
Ci € ^{u, £1, . . . , £„}, when we specialize u,j to —S^j (J = 1, • • • , n, fcj € {1, . . . , n}), 
£i will be specialized to £fc 4 . Then from Theorem l2.16[ we conclude that £fe x , . . . , £fe d 
are <5-dependent over T . Since we can choose k\, . . . ,kd so that £fe x , . . . , £fc d are 5- 
independent over J 7 , it amounts to a contradiction. Thus the claim is proved. □ 

Let If be the prime 5-ideal in the <5-polynomial ring 1Z = J-(u){zo, ■■•■>z<l} 
having £ = (£0, . . . , £d) as a generic point. By Lemma 14.11 the dimension of If is 
d. By Theorem 12.91 the characteristic set of If w.r.t. any ranking consists of an 
irreducible ^-polynomial f(zo, ■ ■ ■ , Zd) in 7?. and 

(4.3) I c = sat(/). 

Since the coefficients of f(zQ, . . . , 2^) are elements in .F(u), without loss of general- 
ity, we assume that /(u; zq, . . . , Zd) is an irreducible 5-polynomial in .F{u; zq, . . . , Zd}. 
We shall subsequently replace {zq, . . . , 2^} by {woo, • • ■ > Udo} C u, and obtain 

(4.4) F(u ,ui,...,u rf ) = f(u;u 00: . . . ,u d0 ) € -^{u}, 
where u is from (|4.1[) and U; = (uio ; ■ • ■ > w in) for i = 0, . . . , d. 

Definition 4.2 (Differential Chow form). The (S-polynomial defined in (|4.4[) is 
called the differential Chow form of V or the prime <5-ideal X = I(V). 
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A generic S-hyperplane is the zero set of uq + u\y\ + • • • + u n y n = where u, 
are (5-X-indeterminates. The following result shows that the differential Chow form 
can be obtained by intersecting X with d + 1 generic (5-hyperplanes. 

Lemma 4.3. Using the notations introduced above, let X — I(V) and 

(4.5) Pi = u M + unyi H h u m y n (i = 0, . . . , d) 

where Uij are from Then [X, Po, Pi, . . . , Pd] is a prime 5-ideal in X^(u){moo, mio, 

. . . ,u d0 ,2/i, • • • a«rf [X,P ,Pi, . . . ,P d ] n X(u){m o,mi , • • • ,^0} = sat(/). 

Proof: Similarly to the proof of Lemma [331 it is easy to show that [X, P , Pi , . . . , P<j] 
is a prime (5-ideal with a generic zero (C, £)■ Denote [X, P , Pi, . . . , P<j] by 1^. Then, 
n X(u){moo, mio, ■ • ■ , m<jo} is a prime (5-ideal with a generic zero which implies 
n 7"(u){u o, wio, ■ ■ ■ , Mdo} = Ic = sat (/)- 1=1 
In the following context, we will denote [X, Po,Pi, • ■ • ,Pd] by 1^. 

Remark 4.4. From Lemma 14.31 we have two observations. Firstly, the Chow form 
for a 5- variety is independent of the generic point used in (14.2[) . The (5-ideals 1^ and 
are also independent of the choice of £. Secondly, we can compute the Chow 
form of V with the ^-elimination algorithms [U |32j [39] [14] if we know a set of 
finitely many generating <5-polynomials for V. Furthermore, given a characteristic 
set A of I(V), we can also compute its Chow form. Indeed, from Lemma [4.31 it 
suffices to compute a characteristic set of I^g w.r.t. a ranking U << Y (elimination 
ranking between elements of U = {moo, ■ • • t u <io} and Y. It is clear that has 
a characteristic set {.A, Po, . . . ,Pd} w.r.t. a ranking Y << U. Then using the 
algorithms given by Boulier et al [T] and Golubitsky et al [14] for transforming a 
characteristic decomposition of a radical (5-ideal from one ranking to another, we 
can obtain the Chow form. 

Example 4.5. Consider the case n = 1. By Theorem 12. 9[ a prime (5-ideal in 
J-{yi} is of the form sat(p) where p € J-{yi} is irreducible. The zero set of sat(p) 
is an irreducible 5- T- variety in the affine line: A 1 (£). Let Po = woo + ^oij/i and 
u o = ( u oo>woi). Then the Chow form of sat(p) is F(uo) = Uq p(— ^ Qi ) where 
d is a natural number such that -F(uq) is an irreducible ^-polynomial in X{uo}. 
For instance, let p — {y[) 2 — 4t/i. Then the Chow form of sat(p) is F(uo) = 
u oi( u oo) 2 ~ 2u nl u' 01 uo()u' OQ + (u' Q1 ) 2 u% + 4-u^uoo- 

Example 4.6. If V is an irreducible 5- variety of dimension n—1 and its correspond- 
ing prime (5-ideal is X = sat(p) C X{Y}. Then its Chow form is F(uq, . . . , u n _i) = 
D m p(%-,...,^), where 

1i01 "02 • • ■ M „ 

Mil Ul2 ■ ■ • Mi„ 



Un-1,1 "n-1,2 ■ ■ • Un-l,n 

and Dj(i = 1, ... ,71) is the determinant of the matrix formed by replacing the i- 
th column of D by the column vector (— m o, — itio, ■ ■ ■ , — u„„i ) T , and m is the 
minimal integer such that D m p(-^, . . . , -g-) e X{u; m o, • • • , m^o}- 

Example 4.7. Let V be the irreducible <5-variety corresponding to [y[ + 1,2/2] £ 
Q{t){yi,y2}- It is of dimension zero and the Chow form of V is F(uq) = Mo2M iM ' -|- 
«0i M 0iU02 - 2m 02 (m 01 ) 2 - u 02 m ' 1 m 00 - M 02 uoiu ' - Uq 2 «01 _ U 01 M 02 U 00 + 2u 2 u oiudi + 
m ' 2 uoiUoo + u oi u 02 u oo, where u = (m 00 , m i, m 02 )- 
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4.2. The order of differential Chow form. In this section, we will show that 
the order of the differential Chow form is the same as that of the corresponding 
<5-variety. Before this, we give the following lemmas. 

Lemma 4.8. Let Co, Ci, . . . , Cd be defined in |^.£| ), and /(u; uoo, ■ • ■ , Udo) the Chow 
form of V. Then for any p(u; u o, . . . , u d0 ) G J"(u){m 00 , • - • > u do} with ord(/) = 
ord(p), such thatp(u; Co, ■ • ■ , Cd) = 0, we have p{u; u 00 , • ■ • , Udo) = /(u; u o, • • • , Uda) 
h(u; M 00 , ■ • • , u d o), where h(u; u o, . . . , u d a) is in J"(u){koo, u d0 }. 

Proof: Since {/} is the characteristic set of If w.r.t. an orderly ranking, and p € If 
with ord(/) = ord(p), so Yj l p — fh for some m G N. Since / is irreducible, we can 
see that / divides p. □ 
The Chow form /(u; uoo, • • • , Udo) has certain symmetric properties as shown by 
the following results. 

Lemma 4.9. Let F(\i$, ui, . . . , u^) be the Chow form of an irreducible S-J- -variety 
V and -F*(uo, Ui,..., u^) obtained from F by interchanging u p and u T . Then 
F* and F differ at most by a sign. Furthermore, ord(F,mj) (i = 0,...,d;j — 
0,1, ... ,n) are the same for all mj occurring in F. In particular, Uio (i = 0, . . . , d) 
appear effectively in F. And a necessary and sufficient condition for some {j > 
0) not occurring effectively in F is yj G I(V). 

Proof: Consider the (5-automorphism cf) of . . . , £n)(u) over J 7 ^,..., £„): 

{Uij, i^ p,r [ („ i/ftT 

u Tj , i = p . Of course, <j)(Q) = Q = < ( T , i = p 
u pj , i = r { C P , i = r 

Then 0(/(u; Co, • • • , C P , ■ ■ ■ , Cr, • • • , Cd)) = /(u*; Co, • • • , Cr, • • • , Cp, • • • , Cd) = 0. In- 
stead of /(u; zo, • • • , z d), we obtain another (5-polynomial p(u; zq, . . . ,z d ) — /(u*; Zq, 
. . . , z T , . . . , z p , . . . , Zd) G If. Since the two ((-polynomials / and p have the same or- 
der and degree, and as algebraic polynomials they have the same content, by Lemma 
|4~3 f(u*;zo,.-.,z T ,...,z p ,...,Zd) can only differ by a sign with /(u; zq, . . . , z p , . . . , 
z T , . . . , Zd). So we conclude that -F(uo, ui, . . . , u^) produces at most a change of 
sign if we interchange u p with u r . In particular, each appears effectively in 
F and ord(F, u^o) are the same for all i = 0,1,..., d. Suppose ord(F, um) = s. 
For j ^ 0, we consider ord(F, mj ) . If ord(F, mj) — I > s, then we differentiate 
/(u; Co, ■ ■ • , Cd) = on both sides w.r.t. uf) . Thus ^y( u ; Co, • ■ • , Cd) = 0, which 

ij 

amounts to a contradiction by Lemma l4"T51 If ord(.F, mj) — I < s, then we differenti- 
ate /(u; Co, • • • , Cd) = on both sides w.r.t. u\f . Thus ^y(u; Co, ■ • ■ , Cd) ■ (-£,) 
0. Since -%(u; Co, • • • , Cd) ^ 0, we have & = 0. And y 3 G I(V) ^ & = <^ & 
is free of mj •<=>■ ^{ h) = for all k G Z + •<=>■ mj does not appear in F. From 

the above, if mj occurs effectively in F, orA{F 1 u i j) — s, which completes the theo- 
rem. □ 
The order of the Chow form is defined to be ord(/) = oid(F) = ord(/, mo) for 
any i G {0, ...,d}. By Lemma l4~9l ord(/) is equal to ord(F, mj) for those mj 
occurring in F. 

The following lemma gives a property for the i5-ideal If,£ defined in Lemma [ 
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Lemma 4.10. Let F(uq, Ui, . . . , Ud) — /(u; uqq, Uio, . . . , Udo) be the Chow form of 
a prime S -T -ideal X and s = ord(/). Then 

UU Q1 uu 0n 

is a characteristic set of the prime 5-ideal I^c = [I, Pq, Pi, ... , PJ in .F(u){'Uoo, w io, 
. . . , Udo, Y} w.r.t. the elimination ranking Udo -<...-< uqq -< yi -< . . . -< y n , where 
Q — d f 

Proof: From Lemma |4.3[ 1^ t is a prime (5-ideal of dimension d with a generic point 
(Co, • • • j Cdi £i> • • • > £«.)■ From Lemma 14.11 it 10 , . . . , u^o is a parametric set of 1^^. 
If we differentiate /(u; Co, • ■ • > Cd) = w.r.t. v$ (p = 1, ■ ■ • , ra), then we have 
d/li — £pS f = 0, where a / and S7 are obtained by replacing (uoo, • ■ • , Udo) with 

du Op du Op 

(Co, •••,&) in and -S/ respectively. So T p = S f y p - -^y € Since / 

""Op "'"'Op 

is irreducible, we have Sf $ I^. Also note that Tj is linear in A must be a 
characteristic se10 of If £ w.r.t. the elimination ranking u^o -<...-< itoo -< J/i -< 
...-<y n . □ 

Now we give the first main property of the differential Chow form. 

Theorem 4.11. LetX be aprime 5 -J- '-ideal with dimension d, and /(u; Moo, u io, • ■ • , 
Udo) its Chow form. Then ord(/) = ord(Z). 

Proof: Use the notations and P, introduced in (|4.2[) and (|4.5I) . Let 1^ = 

[X, Pi, ... , P d ] C J"(ui, . . . , u d ){Y}. By Theorem l3~14l l d is a prime 5-ideal with 
dimension and the same order as X. 

Let Xi = [X, P , . . . ,Pd] = [Zd,Po] C J"(ui, . . . , u d ; uoi, ■ ■ ■ , uon){«oo,yi, • ■ • ,Vn}- 
From Lemma [4.101 A = {/, Sfyi ^y, . . . , 5/y n ^7} is a characteristic set 

of If^. By Lemma 14.11 u\q, . . . ,u<iq is a parametric set of 1^. So A is also a 
characteristic set of X\ w.r.t. the elimination ranking uoo < y\ < ■ ■ ■ < Vn- Since 
dim(Ii) = 0, from Corollary |2.10[ we have ord(2i) = ord(^4.) = ord(/). 

On the other hand, if (771, ... , ij n ) is a generic point of Xd, then (771 , . . . , r) n , C) is 
a generic point of X\ with C = —Y^j=i u 0jVj and dim(Ii) = 0. Clearly, UQk(k = 
1, . . . , n) are <5- independent over .F(ui, . . . , u d , rji, . . . , i] n ). Denote .F(ui, . . . , u^, uqi, 
. . . , uon) by J- 1. So for a sufficiently large t, 

Uii(t) = ord(Ji) 
= tr.deg Fi{rtf\ C 0) : * = 1, • ■ • , n; j < t)/Fi 
= tr.deg F!(4 j) ■ 1 = 1, ■ • ■ ,n; j < t)jT x 

= tr.deg J"(m, . . . ,u d }(r?| j3 : i = l,...,n; j < t)/F{ui, . . . ,u d ) 
= u Xd (t) = oid(I d ) 

Thus, ord(Ii) = ord(I d ) = ord(I), and consequently, ord(I) = ord(/). □ 
As a consequence, we can give an equivalent definition for the order of a prime 
(5-ideal using Chow forms. 



2 Here A is a 5-chain. See Remark l2.3l 



2(5 



XIAO-SHAN GAO, WEI LI, CHUN-MING YUAN 



Definition 4.12. Let I be a prime i5-ideal in .F{Y} with dimension d and -F(uo, Ui, 
. . . , Ud) its Chow form. The order of 1 is defined to be the order of its Chow form. 

The following result shows that we can recover the generic point . . . , £ n ) of 
V from its Chow form. 

Theorem 4.13. Let f(u;uoo,...,Udo) be defined as above and h the order ofV. 

Then we have 

df /o i 

b f ,p=l,...,n 



Swop 



where d ( h) and S / are obtained by replacing (ztoo> ■ • ■ , Udo) by (Co, • • • > Cd) in 9 { h) 
and — ~fh) respectively. 

du K Q0 > 

Proof: It follows directly from Lemma 14.101 and Theorem 14.111 □ 

Remark 4.14. The 5-resolvent [TU] and [3U p. 34] is closely related with the differen- 
tial Chow form, although they are different. From Lemma \A. 101 and Theorem 14. Ill 
we can see that both of them can be used to reduce a (S-ideal I to a (J-hypersurface 
which has the same order as I in certain sense. But they are quite different. Firstly, 
the resolvent depends on a parameter set U of I. To be more precise, let Z = Y\ U. 
Then, the resolvent is essentially constructed in F{U){Z}. Secondly, to define the 
resolvent, we need only one new indeterminate w and add one linear (S-polynomial 
w — c\V\ — ■ ■ ■ — CpV p to I, where Z — {v\, . . . , v p }. Furthermore, Cj in the above 
expression are from T . Therefore, the resolvent will never be the Chow form. Of 
course, if I is of dimension zero and we take Ci in w — c±y± — • • • — c n y n as 5- 
indcrterminates, then the resolvent is the Chow form of X. On the other hand, 
the resolvent of I can be obtained from its Chow form by specializing some to 
certain specific values and using techniques in Theorem 12. 161 

4.3. Differential Chow form is differentially homogenous. Following Kolchin 
[23], we introduce the concept of S- homogenous <5-poly normals. 

Definition 4.15. A ^-polynomial p € J~{yo,Ui, ■ ■ ■ ,2/n} is called (5-homogenous 
of degree m if for a new ^-^-indeterminate A, we have p(Xyo, Xy\ . . . , Xy n ) — 
A m p(yo,yi, ■ ■ - ,J/n)- 

The differential analog of Euler's theorem related to homogenous polynomials is 
valid. 

Theorem 4.16. [El p. 71] A 5 -polynomial f € T{yo,yi, . . . ,y n } is 5-homogenous 
of degree m if and only if 



EE 

3=0 fceN 



k + r\ (k)df(y ,...,y n ) _ J mf r = 



r 



j dy (k+r) I r ^ 

For the Chow form, we have the following result. 

Theorem 4.17. Let F(uo, Uj., . . . , u f j) = /(u; uoo, • • • , Udo) be the Chow form of 
an irreducible 5 -variety V of dimension d and order h. Then 
1) 

df , / df , V- (h) df _ \ cr^r 

^ TJ du ai + 2^ u ^ du', + '" + 2^ u rj (h) - i rf 

j=0 3 j=0 a 3 j=0 UU crj ( 
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where r is a nonnegative integer. 

2) -F(uo, ui, . . . , Ud) is a 8 -homogenous 8 -polynomial of degree r in each set Ui 
and F is of total degree (d + l)r. 

Proof: Let (£],,..., £ n ) be a generic point of V and Q — — Ej=i w u0 (i = 0, . . . , d) 
denned in (|4.2I) . From (|4.3p . /(u; u o, • ■ • , w cio) is the characteristic set of the prime 
5-ideal If. Since /(u; Coj Ci> • • • > Crf) = 0, we have 



d/ 4. M.(-f=A - 


_ JLL 
»«, 


(-fi)H 


+ 






= 


(0*) 


S- + o 


_ 

Oft 




-$(-©$) + •• 


+ a/ f- 




= 


(1*) 


+ 

9 < 3 


- 


M 


-&(-©&) + •• 


+ «/ L 


-G){?- 9 >] 


= 


(2*) 



o + o + o +o+ ^rbCKf] =o (a*) 



In the above equations, and -^jj (I = 0, . . . , h;j = 1, . . . , n) are obtained by 

substituting Q to u i0 (i = 0, 1, . . . , d) in each — 4f and -^r respectively. 

Now, let us consider the (5-polynomial E"=o Efe>o CVWaj d J*+v • 

In the case i = 0, firstly, let (0*) x u T j + (1*) x + • • • + (ft*) x u^j and add 
them together for j from 1 to n. We obtain 



n n n n , . 

So the ^-polynomial £ «rj^ + E <^ + E <^ + ■ ■ ■ + E 4? ^ 
j=o j=o " 3 j=o " 3 j=o a j 

vanishes at (uqo, • ■ • , Udo) — (Co 5 • ■ • 7 Cd)- Thus in the case r = a, it can be divisible 

n h ... 

by /, i.e. £ £ ' — fa = r/. By Euler's theorem, / is an algebraic homogenous 

j=0 k=0 du "i 

(5-polynomial of degree r in each set of indeterminates Uj — (itjo, ■ • ■ , u in ) and their 
derivatives. But in the case r ^ a, since this (5-polynomial is of order not greater 
than / and can not be divisible by /, by Lemma 14.81 it must be identically zero. 
Thus, we have proved 1) of the Theorem. 
In the case i ^ 0, 

= (..) x ^)«„ + (i + 1«) x ('I 'j.v + ■ ■ ■ + ()..) x ('j.f:* 1 



df , fi + 1\ , df , (h\ (h _ z) df 



-5i(-(i)^)^(-cr)^-cr)(::D^ 



S/ / l + ^„/ 8 / , , f h \„(,h-i) Sf 



-^ T (-^ j « 3 ) + ( . j-^ — yC-^^.) +...+ ( 



OCR 
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Therefore, £"=i QK^ + ^U (TK^+" ' C^"^ 



/»V fi df , , (h\Ah-i) df _ n 

Th u ; the ^polynomial £" (D^i^+EjLo (TK.d^T + ' ■ -+£"=0 (5 



u aj ^ *Y fc) is identically zero, for it vanishes at (ttooj • • • , Uda) — (Co, ■ • • , Cd) and 

can not be divisible by /. 

From the above, we conclude that 



EE 



k + i\ ( fe) df J 

^ 9 U (fc+l) I r f * = 



From Theorem 14.161 and the symmetry property of -F^uo, . . . , u^), the theorem is 
obtained. □ 
Lemma 14.91 Theorem 14. 11| and Theorem 14. 171 together prove the first property 
of Theorem O 



Remark 4.18. Using the terminology from [53], the differential Chow form F(uq, Ui, 
. . . , Ud) is (d + l)-(5-homogenous in (u , Ui, . . . , u<z). 

Definition 4.19. Let I be a prime J-ideal in .F{Y} of dimension d and F(uo, Ui, 
. . . , Ud) its Chow form. The S-degree of I is defined to be the ^-homogenous degree 
r of its Chow form in each (i = 0, . . . , d). 

The following result shows that the <5-degree of a ^-variety V is an invariant of 

V under invertible linear transformations. 

Lemma 4.20. Let A = (ay) be an n x n invertible matrix with G T and 
-F(uo, Ui, . . . , Ud) the Chow form of an irreducible 6 -variety V with dimension d. 
Then the Chow form of the image 5-variety of V under the linear transformation 

1 0...0 

Y = AX is F A (v , . . . , v d ) = F(v B, v d B), where B = 



A 



Ui and Vi are regarded as row vectors. 



Proof: Let £ = (£i,.--,£n) be a generic point of V. Under the linear transfor- 
mation Y = AH, £ is mapped to r\ = (rjx, . . . ,r) n ) with rji — Y^j=x a ij£j- Un- 
der this transformation V is mapped to a J-variety V A whose generic point is 
i]. Note that F A (v , . . . , v d ) = f A (vij; v o, ■ ■ . , v dQ ) = f(J2l = i v ikakj]Voo,---,Vdo) 
and f A (vij-,- J2k=i v okVk, T, k =i v dk Vk) = f(Y,k=i v ika kj ; - YZ=i v okVk, 

fe= i VdkVk) = J(l^k=i Vikauf, - 2^=i(z^=i vo k a k j)£,j, 2^,=i(z^=i v dk 
a kj)£,j) — 0. Since V A is of the same dimension and order as V and F A is irreducible, 
from the definition of the Chow form, the claim is proved. □ 

Definition 4.21. Let p be a 5-polynomial in ^{Y}. Then the smallest number r 
such that yoP(yi/yo, ■ ■ ■ , y n /yo) € J~{yo, y±, . . . , y n } is called the denomination of 
p, which is denoted by den(p). 

Example 4.22. In the case d = n— 1 and n > 1, if {p(yi, .. .,?/„)} is a characteristic 
set of I w.r.t. any ranking, then by Example 14.61 the (5-degree of X cannot exceed 
the denomination of p. So the denomination of p gives an upper bound of 5-degree 
of X. But, we do not know whether they are the same. 
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Example 4.23. In the case n = 1, we have d = 0. If is a characteristic set 

of I w.r.t. any ranking, then the i5-degree of I is exactly equal to the denomination 
of p. Now we can give a bound for the <5-degree of X from the original equation of 
p without computing its denomination. 

For a (5-monomial 6{y) = y l ° (y') Ll (y"Y 2 ■ ■ ■ (y^) ls , define its weighted degree to 

be lo + 2Zi H h (s + 1)Z S , denoted by wdeg(0(y)) = Z + 2Zi H h (s + 1)Z S . For 

a (5-polynomial p e -^{y}, we can define its weighted degree to be the maximum of 
the weighted degrees of all the <5-monomials effectively appearing in p. Clearly, the 
denomination of p cannot exceed its weighted degree. And we have examples for 
which den(p) < wdeg(p). Let p = 2y' 2 — yy" . Then, den(p) = 3 and wdeg(p) = 4. 
The Chow form of sat(p) is F(u) = uqUiu'q — Uqu" — 2u'^u\ + 2uoUo u i> where 
u = (uo, ui). So the (5-degree oil = sat(p) is 3 which is less than wdcg(p). 

Now we contrast the above p with a ^-polynomial q = y' 2 — yy" that is different 
from p by only a single coefficient. Then den(q) = 4 and wdeg(g) = 4. The Chow 
form of sat (9) is G(u ) = uouIuq—uIuiu'I — UqUi+Uqu' 2 , so the <5-degree of sat (9) 
is 4, which is equal to the weighted degree of q. Thus, the weighted degree is a 
sharp bound. 

4.4. Factorization of differential Chow form. In the algebraic case, the Chow 
form can be factored into the product of linear polynomials with the generic points 
of the variety as coefficients. In this section, we will show that there is a differential 
analog to this result. 
Let 

u = Uf =0 u 4 \ {u 00 } 

and J"o = ■F(u)(uqq' 1 , . . . , w o Consider the Chow form /(u; u 00 , mo, . . . , Udo) 
as an irreducible algebraic polynomial p(u o' ) ) m ■^b['"oo^]- Let 9 = deg(p, Uqq) = 
deg(/, Uqq^). In a suitable algebraic extension field of To, p(v!$) = has g roots 
7i,...,7 fl . Thus 



(4.6) /(u; u 00 , u w , . . . , u d0 ) = A(u , Ui, , u d ) (u$ - j T ) 



,(h) 

1 

r=l 

where A(u , ui, . . . , u^) is in J"{uo, . . . , u^}. For each r such that 1 < r < g, let 

(4.7) T T = Jo(7r) = F{u)(u$, . . .^O"^) 

be an algebraic extension of Tq defined by p{u^) = 0. We will define a derivation 
S T on T T so that (F T ,S T ) becomes a differential field. This can be done in a 
very natural way. For e e F(u), define S T e = Se = e'. Define S T u 00 = Uqq for 
i = 0, . . . , h — 1 and 

St u 00 = It- 

Since /, regarded as an algebraic polynomial p in Uqq , is a minimal polynomial 
of 7 r , S/ = — does not vanish at = j T . Now, we define the deriva- 

du 00 

fives of <5*uoo for z > Zi by induction. Firstly, since p{"f T ) = 0, S T (p(j r j) = 
S /L<">-y *r(7r) + r| uW _^ = 0, where T = f — S f v$. We define ^+ 1 Uoo 
to be 5 T (7r) = —it- fh1 • Supposing the derivatives of J^uoo with order less 

0/ u 00 , = 7t 
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than j < i have been defined, we now define <5*Moo- Since /W — SfU^ + ^ + Ti is 

oo =St «oo ,3<i 



linear in u™ +l \ we define 5*uoo to be — — 



In this way, (J- Tl 5 T ) is a differential field which can be considered as a finitely 
differential extension field of (.F(u),<5). Recall that J-"(u) is a finitely (5-extension 
field of T contained in £. By the definition of universal 5-extension field, there 
exists a 5-extension field J 7 * c £ of ^(u) and a 5-isomorphism ip T over .F(u) from 
(J>,(5 T ) to {F* ,5). Summing up the above results, we have 

Lemma 4.24. (T T ,5 T ) defined above is a finitely differential extension field of 
^(u), which is S -T (u) -isomorphic to a subfield of £ . 



Let p be a 5-polynomial in J-{uq, Ui, . . . , u^} = J-{u, Moo}- For convenience, by 
or saying replacing u 1 ^ by j T , we mean substituting it Q +i ' ) 

by 5*7 T (i > 0) in p. Similarly, by saying p vanishes at Uqq = j T , we mean 



the symbol p 



P 



0. It is easy to prove the following lemma. 



Lemma 4.25. Let p be a 5 -polynomial in ^{u, Moo} and f the Chow form for a 

prime S-J- '-ideal I of dimension d. Then p € sat(/) if and only if p vanishes at 
(h) 

u m = It- 

When a (5-polynomial h E J r (u){Y} vanishes at a point rj € J 7 ™, it is easy to see 
that h vanishes at <p T {il) € F° r convenience, by saying rj is in a 5- variety V 
over .F(u), we mean tp T (v) G 

Remark 4.26. In order to make J> a differential field, we need to introduce a 
differential operator <5 r which is related to j T and there does not exist a single 
differential operator to make all T r {j = 1, ... ,g) differential fields. This natural 
phenomenon related with nonlinear differential equations seems not used before. 
For instance, let p = y' 2 — Ay. Then I — sat(p) is a prime <5-ideal in Q(t){y} and let 
F be the differential rational function field of I, By factoring p = (y' — 2y/y)(y' + 
2-Jy), we can define two more differential fields: J-\ — Q(t)(y/y) with a differential 
operator 5\y = 2^/y and J 7 2 — Q(t){y/y) with a differential operator biy = —2^/y. 
Note that J-\ and T% are not compatible, although each of them is isomorphic to a 
subfield of £ . Finally, both T\ and Ti are isomorphic to J- '. 

With these preparations, we now give the following theorem. 

Theorem 4.27. Let F(uq, Ui, . . . , u^) = /(u; uoo, • • • j u<io) be the Chow form of an 
irreducible S-J- -variety of dimension d and order h. Then, there exist £ T i, . . . ,£ Tn 
in a differential extension field (J>,<5 r ) (t — l,...,g) of (J- (u) , 5) such that 

g n 

(4.8) F(u , Ul ,...,u rf ) = A(u ,ui,...,u rf ) Y[(u 00 + J2 u °P^P^ h) 

r=l p=l 

where A(u ,Ui, . . . , u d ) is in J"{u , . . . ,u d }, u = uf =0 U;\uoo and g = deg(/, u$). 
Note that equation J^.ffp is formal and should be understood in the following precise 

meaning: (u 00 + ^"=1 u Q P &p) {h) = S h Uqo + ^'(Ep=i u Q P &p)- 

Proof: We will follow the notations introduced in the proof of Lemma 14.241 Since 

/ is irreducible, we have f r0 = -M^ ^ 0. Let £ rp = f Tp j f r0 (p = 1, . . . , n), 

au 00 M 00 — 7r 
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where f Tp — a / 



„ j . Note that f rp and £ Tp are in T T . We will prove 

It = -5t(uqi£t1 + U 2^t2 H h UOnfrn)- 

x 0p 



Differentiating the equality /(u; Coj Cli • • • i Cd) — w.r.t. Uq„ , we have 



9/ 0/ 

Q (h) + Q (ft) ' ^ 



where — are obtained by substituting Q to (i = 0,1, ... ,d) in d f h) . Multi- 

plying uq p to the above equation and for p from 1 to n, adding them together, we 
have 



df df , ^ , , ^ df , df 

p=l au 0p au 00 p=l p=l uu 0p uu 00 

Thus, q — y)"_i Mon ^ + uoq-^Ly € sat(/). Since 5 is of order not greater than 

/, it must be divisible by /. Since q and / have the same degree, there exists an 
a 6 T such that q = af. Setting Uqq = 7 T in both sides of q = a/, we have 
Sp=i u Qpfrp + uoo/ro = 0. Hence, as an algebraic equation, we have 



(4.9) u 00 + ^2 u 0p £, T p = 

P =\ 

under the constraint = j T . Equivalently, the above equation is valid in (J> , S T ). 
As a consequence, j T = -(5j(Ep=i u 0p£,rp)- Substituting them into equation (|4.6|) . 
the theorem is proved. □ 



Remark 4.28. The factors in equation (|4. 8|) are the h-th derivatives of the factors 
in the corresponding factorization of the algebraic Chow form [16, p. 37]. 

For an element r; = (rji, . . . ,rj n ), denote its truncation up to order k as 77W = 

(Vl, ■■■,Vn,-- -,Tll ! • ■ -iT n )■ 

In the proof of Theorem l4.271 some equations are valid in the algebraic case only. 
To avoid confusion, we introduce the following notations: 

op (0) = ap Q . = UoQ + Uom + ... + UQn y n 

r 4 w \ Q Po 1) = a K ■= u' oa + u' 01 yi + u m y[ + ■■■ + u' 0n y n + u 0n y' n 

r o ■— "00 ' l^j=i l^k=o \k) u oj yj 

which are considered to be algebraic polynomials in J-"(uq S ', . . . , u[^)[Y[ s l], and 
u\j\y^ are treated as algebraic indeterminates. A point 77 = (771, .. . ,r/ n ) is said 
to be lying on a p[ ) fe ' ) if regarded as an algebraic point, jjM i s a zer0 f u 'Pq. As a 
consequence of (|4. 9|) in the proof of Theorem 14.271 we have 

Corollary 4.29. (£ T1 , . . . , £ rn , . . . , 5 < f~ 1) £ Tl , . . . , Sr 1 '^) ( T = 1, . . . ,g) are com- 
mon zeros of a P = 0, Q P^ = 0, . . . , a F { Q h ~ 1) = where 5 T is defined in Lemmag^l 
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Example 4.30. Continue from Example 14. 5 1 In this example, F(u) = Moi( w oo) 2 — 
2m i< )1 uooUoo +Ki) 2m oo + iu^uoo, so g = 2. And F(u) = u^Ko - u' Q1 %£ + 
2V^Vuoou i){u' 00 - u' 01 ^ - 2y^T^u o"oi)- So we can obtain j T = u' 01 ^ T 
2^/—ly/uoouoi (r = 1,2). Following the proof of Theorem l4.27l we obtain that £n = 
— uqo/uqi with moo, moi satisfying the relation SiUqq = 71 = — u' gl — 1y— l^/uoouoi, 
and £21 = -uoo/uoi with w o, u i satisfying S 2 u ao = 72 = ^7^01 + 2y/^ly/u ou 01 . 
In other words, £n and £21 are in T\ and T% respectively. Thus, F(u) has the factor- 
ization F(u) = uf n (u' 0Q + £uu' 01 + 2V^TV M ooWoi)(u o + 61^01 - 2 % /^T^/u oMoi) = 
w oi( u oo + fii«oi)'(Moo + 6i"oi)'- Note that both £ ix (t = 1,2) satisfy a P = 
"oo + U01&1 = 0, but = u' Q0 + u' 01 €n + UoiSiZn j= 0. 

Lemma 4.31. In equation j4.8[ ), A(uq, Ui, . . . , u^) is free of (i — 1, . . . , n). 

Proof: Since / is homogenous in the indeterminates uoi and its derivatives up to 
the order h, we have 

2^ u op fl (fc) + M oo {h) +2^2^ u o P (fe) - »7, r e «. 

p=l ""Op ""OO fc=0p=0 uu 0p 

In this equation, let u q = 7t, we obtain 



E< ) ^+7^o + EE< ) ffe = o. 

p=l fc=0 p=0 ^ u 0p 

where d { k) means replacing u 1 ^ by 7 r in -^y. Consequently, 



r uu J 1 1 — a„ i 



h—X n 



It 



(k)_df_ 

Q (*) 

p=l fe=0p=0 "^Op ' 



E u 0p^p ~ E E "Op -TfeT / /to 



Hence, 
(4.11) 



g n h — l 



f(u;U 00 ,U W ,...,U d0 ) =Aj[ (u$ +E U 0p ) Crp + EE U 0p— (fe) / /to 

t=1 p=l fc=0p=0 ^ M 0p ' 

We claim that £ T p and X^=o Sp=o u 0p 3 fn / /to are algebraically independent 

of (i = 1, ...,n). Firstly, since £ p is algebraically independent of u^(i = 
1, . . . , n), and by Theorem 14. 131 

, _ df I df 
sp — 



du { $l du^ 



df I df 



(«00 I ---,Udo)=(Co,— ,Cd) du^p I OUqq 



have 



du (h) ( d f . 12 

uu OO 





' 8/ > 


df d 




df 










<> 
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where is obtained by replacing (u 00 , u d0 ) by (Co, ■ ■ ■ , Cd) in 

Or equivalently 

d f df \ df d ( df \ df 

' - 1 ' ' ' ' e sat(/). 



Set Uqq' ) = 7t, we have 



d 



\ fTP ) fT0 ~^V T0 ) fTp -°- 
Thus, 

(A 1 9^ ^rp _ 9(frp/fTn) _ „ 

Secondly, set (itoo, • ■ • , v-da) = (Co, ■ • ■ , Cd) in the equation 



We have 



i d u op ® u oo fc=op=o ® u o P 



h-l n 



E(h) "J | Ah) "J \ \^ (fc) _ n 

^ OW 1,0 OH) + Z^Z^ u op Q (fc ) - u - 

p= 

By Theorem EH 



p=l ^ u 0p ^ u 00 fe=0 p=0 ® u 0p 



h-l 



2^ u o P ^ + ^o + 2^ 2^ w o P ( fc / {h} - u - 

p=l fc=0p=0 ""Op' ""oo 



Then, 



y££»^/sw-(- & )=o 



^ M 0i ^fc=0 p=0 ^ M 0p ' ^ M 00 



9/ 



flu, 



inus, we have ^ ^ fe=0 ^ p=0 ^^j-^--^^-^^ ^ fc=Q ^ p=0 M(lp 



) € sat(/). From Lemma T4.251 by setting u Q J — 7 T in the above relation, we 

Hip J 

obtain 



<«*> w -o 

""Oi 

From (|4.12j) and (|4.13|l . Cr P and ^fc=o Sp=o "o^ I frO are algebraically inde- 
pendent of (i = 1, . . . , n). Then the symmetric functions of £>i, . . . , ^ rn , X)fc=o 
TT p =q u< 0f! d {k) / fro are rational functions in the set of indeterminates {uik, • ■ • , , 
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u ofe , . . . , Uofc : i = l,---,d; k = 0,...,n} only. Therefore, Ut=i( u 00 ~ 7r) = $ 
where ^ is free of itg? (i = 1, . . . , ft) and gcd(</>, -0) = 1- Thus A(f> = ftp. Since / is 
irreducible, we conclude that A = if) is free of uj^' (i = 1, . . . , n). □ 
Note that the factorization (|4.8I) is formal in the sense that different factors are 
from different differential fields J>. The following result shows how to obtain a 
factorization in the same extension field. 

Theorem 4.32. The quantities £ T l)- • • )£rn in are unique and \4. 1 1\ ) is a 

factorization of F as an algebraic polynomial in Uqq , . . . , ii „ in an extension field 
of F(u ik , . . .,u&\ u ok , . . . ,?% : i = 1, fc = 0, . ..,n). 

Proof: From Lemma[4T3lJ equations ()4.12p and (|4.13|) . we can see that A(uq, . . . , Ud), 
£ Ti , and X)fc=o Ep=o u o» } / /ro arc free of v^\i = 1, . . . , n). Then, (|4.11|) is a 
factorization of the Chow form .F(uo, . . . , u„) in the polynomial ring !F(uik, ■ ■ ■ , u$, 

uok, • • • j Wofc 1 : * = 1j • • • > d; k — 0, . . . , n)[uQQ , . . . , Uq„ ]. Thus, the factorization 
(|4.11l) must be unique and hence £ T j. □ 

4.5. Leading differential degree of an irreducible differential variety. In 

this subsection, we will define the leading differential degree for a prime 5-ideal and 
give its geometric meaning. 

Definition 4.33. Let F(uo, U\, . . . , u^) = /(u; uoo, • ■ • , "do) be the Chow form of 
a prime <5-.F-ideal I of dimension d and order h. By Lemma 14.201 the number 
g = deg(/, Uqq) is an invariant of X under invertible linear transformations, which 
is called the leading differential degree of X. 

From (|4.8[) . there exist g points (£ T i, . . . , £ T n) ( T = 1, ■ • ■ ,<?), which have inter- 
esting properties. 

Theorem 4.34. The points (£ T i, . . . ,£ T n) i T — L • • ■ iff) * R J4-^ are generic points 
of the b-T -variety V . If d > 0, they also satisfy the equations 

n 

Uao + X! u °pVp = (c = 1, . . . , d). 

p=l 

Proof: Suppose 0(yi, . . . , y n ) G -^{^l is an y (5-polynomial vanishing on V. Then 
0(6, • . • ,&.) = 0. From Theorem SH £ P = ^S/A. we have 

" =0, 



9/ / a/ 9/ / a/ 



9/ 



where — are obtained by substituting Q to Ujo (« = 0, 1, . . . , d) in 

Hence, 4>{-Mtj / r^y, • • ■ , / vanisnes for ( u oo, • • • , ""do) = (Co, • • ■ , (d)- 

Then there exists an to e N, such that (^ T )™0(^ y . . . , ^ / Jfr) G 

sat(/) in ^{u, Moo}- By Lemma [4.251 we have (/to)"V(£t1, ■ • ■ , £™) = 0, thus 
0(£ r i, ■ • ■ i frn) = 0, which means that (£ r i, . . . , £ T n) G V. 

Conversely, for any p G F{Y} such that p(£ r i, . . . ,frn) = 0, there exists an 
I G N such that p = (^ rT )'p(^ T / JJ^, . . . , /JLL) is in ^{fi, WQ o}, which 
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vanishes at Uqo = j r . By Lemma 14.251 p <E sat(/). Now treating p as a 8- 
polynomial in J r (u){itoo, ■ • ■ , Udo}, we have p(£i, ■ ■ ■ , £ n ) — and hence . . . , 
£ n ) = 0. So (£ T i, . . . , ( ln ) is a generic point of V. 

Since ^ + A(-^p) = 0, we have "apA + C^/fc = 0. Thus, 

du o P du oo p du O P 9u 00 

Sp=o u >yp-^Th) vanishes at (itoo, • • • , Udo) = (Co, • • • , (d)- In the case a ^ 0, ^! =0 u <rp 

" u Op 

= 0. Consequently, u a0 + Y? -i u <y P ^r P = 0(c = 1, . . . , d). □ 

Example 4.35. Continue from Example 14.301 We have £n = — uqo/uqi under the 
condition u' 00 = 71 = ^u' 01 - 2 v /=I y /u oUoi- Then ^ = and £n is a 

zero of the original <5- ideal sat(y^ 2 — 

Now, we will prove a result which gives the geometrical meaning of the leading 
<5-degree. 

Suppose F(uq, . . . , Ud) is the Chow form of V which is of dimension d, order h, 
and leading differential degree g. Recall that by saying a point 77 = (771, . . . ,rj n ) 
lying on a P fe ^ we mean that = {rji , . . . , r) n , . . . , 77^ , . . . , 77!*"' ) is an algebraic zero 
of a P ( k} . Theorem |Q4l and Corollary show that (f rl , . . . , £ T „)(r = 1 , . . . , 5) 
are intersection points of V and Pj = 0{i = 1, . . . , d) as well as "Pq = (k = 
0, . . . , h — 1). In the next theorem, we will prove the converse of this result, that 
is, (£ r i, . . . , £ rn ) (r = 1, . . . , g) are the only elements in V which are also on Pj = 
(i = l,...,d) as well as on = {k — 0, . . . , h — 1). Intuitively, we use 

Pj = {i = 1, . . . , d) to decrease the dimension of V to zero and use a P[ ) fc ' > = {k = 
0, . . . , h — 1) to determine the /i arbitrary constants in the solutions of the zero 
dimensional 5-variety. 

Theorem 4.36. (£ r i, • ■ • , £™) (t — 1, ■ • ■ , g) defined in 0731) are the only elements 
of V which also lie on Pj(i = 1, . . . , <ijf| as well as on a P^ (J = 0, . . . , h — 1). 

Proof: Firstly, by Theorem f4. 341 and Corollary |4.291 (£ T i, . . . , £ T „) (r = 1, . . . ,g) are 
solutions of 1{V) and Pi, . . . , P d which also lie on a P , Q P , . . . , a P h_1) . It suffices 
to show that the number of solutions of I(V) and which also lie on 

a P , a P , • • • , a P ' l_1) does not exceed g. 

Let J = [1(F), Pi, . . . ,V d ] C J"*{Y}, where T* = 7"(uf =1 Ui). By TheoremETU 
J is a prime ^-ideal of dimension zero and order /i. Let J <h> = Jn FfYW], 
Since J is of dimension zero and order h, its 5-dimension polynomial is of the form 
u)(t) — h. for t > h. So J <h> is an algebraic prime ideal of dimension h. 

Let Jo = {J <h> , a P , a P , • . . , a P h " 1) ) be an algebraic ideal in the polynomial 
ring ^[Y^ljtioo, ■ • • ,Wqq where ^0 = J 7 * (U'j =1 u h j) and ^ denote the 
set {uoj,u 0;7 -, ■ ■ ■ ,Woj l }• Similarly to the proof of Lemma T3. 51 we can show that 
Jq is an algebraic prime ideal of dimension h. If we can prove that u Q h Q ^ = 
{1*00, • ■ • j w oo } i s a parametric set of Jo, then it is clear that Ji — {Jo) is an 



algebraic prime ideal of dimension zero in Fo{u [ o h o~ 1] )[^ [h] ] = F*{ul l ~ 1] )[YW]. So 
we need to prove that u Q h ^ is a parametric set of Jo- Suppose the contrary, 



3 If d = 0, Pj(i = 1, . . . , d) is empty. 
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then there exists a nonzero <5-polynomial involving only {uoo, ■ • ■ , u oo } as weu 
as the other u, which belongs to Jq. Such a 5-polynomial also belongs to [j7,Po] G 
F*{uqx, . .., UQ n ){y u ...,?/„, u 00 }. From the proof of Theorem 14.111 {F , S F y% - 



OF a „, dF 



- , SfVu ^ttt} is a characteristic set of \J, Pol w.r.t. the elimination 

ranking uoo ~t Hi -4 • ■ • -4 Vn- So this ^-polynomial can be reduced to zero by 
F(uo, . . . , u<j). But ord(F, uoo) = h, a contradiction. So we have proved that J\ is 
an algebraic prime ideal of dimension zero. 

Clearly, J 2 = (Ji, a P ft) ) € Jo^^U^mJ 1 )^, u^] is an algebraic prime 
ideal of dimension zero. Then, there exists an irreducible polynomial involving 
only u[j and u^q 1 . Similarly as above, it also belongs to [J", P ], thus it can be 
divisible by F . Since F is irreducible, it differs from F only by a factor in T . Thus, 
F = /(u;uoo,wiOi ■ ■ -,u d o) € J~2- 

Let . . . , £„) ba a generic point of V and Ci = — Y^j=i (i = 0, . . . , d). By 
Lemma 14.31 the 5-ideal [1(F), Pi, . . . ,Pd, Po] in F(u){yi, ...,y n , u o, • ■ • , u<zo} has 
a generic point (£i, . . . , £ n , Co, ... , Cd)- Since /(u; (q, . . . , ^) = 0, differentiate both 
sides of this identity w.r.t. ujy , we have the following identities 



h 



di, {k) ^ dv (l) \ \kr 3 

au 0j l=k uu 00 



°L^JL(-n\tf-*)) =0 , {j , „:>,■ h i. 



where -^y are obtained by substituting to u ia in -^y. Let = ©r^yj/,- i 

Oi Ox 00 

Eli (fell) d^oy?~° " iJ^T (i = 1, • • • . n; k = 0, . . . , h). Then g jk e [I(V), Pi, 
■••,Pd,Po] C [J,F ], for vanishes at Co, • - • , Cd)- Denote the al- 

gebraic ideal [J-,Po] n JF*(U? =1 ug)[YM, "do, ■•■,4o ) ] b y [^,Pq] < ' 1> - It is clear 
that g jk £ [J,V ] <h> . We will show that [J,V ] <h> = {J <h> , a P , • • • , a P ' l) ), 
which implies that € J%. Let 77 = (771, . . . , ij n ) be a generic point of J. Then 
(171, . . . ,r) n , - YTj=\ u ojVj) is a generic point of [J, P ]. Thus, 

n n 

(771, . . . , r) n , ■ • ■ , Vi , • • • , - 51 • • • ' ~ J2( u ojVj) (h) ) 

3=1 3=1 

is a generic point of [J", Po] <h> . Of course, it is also a generic point of (J <h> , a Po, 

. . . , a Pq ). So the two ideals are identical. Thus, gjk belongs to J2- Note that 

the coefficient of yf ] in g jk is Q)S f = (*) Ay. So V(J 2 ) C V(/(U , 4c 3 ). »fc : 

""00 

j = 1, . . . , n; k = 0, . . . , h) and the latter algebraic variety of consists exactly g 
elements. Thus, |V(j7i)| = |V(^)| < g. Since every solution of J which also lies 
on a Po, a P , • ■ • , a P^ i when truncated up to order h, becomes a solution of J\, 
it follows that the number of solutions of I(V) and Pi, . . . , P^ which also lie on 

a P , a P , • • • , a P ' 1_1) does not exceed g. □ 
With Theorems 14. 2 71 14.321 14.341 and 14.361 we proved the second and third state- 
ments of Theorem 11.21 

From the proof, we can see that a zero dimensional algebraic ideal is obtained 
as shown by the following corollary. 
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Corollary 4.37. Let I be a prime <5-ideal in .F{Y} of dimension d, order h, and 
leading (5-degree g. Use the same notations as Theorem 14.361 Then 

x = ([x, Pi, ... , Pd] n ^*[Y [fc] ], o p , . . . , a p^ 1} ) c 

is an algebraic prime ideal of dimension zero whose solutions are exactly (£ T i, ■ • ■ , 
e™)W (r = l,..., 5 ), where J-*=J-(uf =lUi ). 

Example 4.38. Continue from Example 14.301 Note that d = 0, h = 1, and 

g = 2. Let V be the general component of p = y'i — 4yi = 0. As in Theorem 
I4.36| we introduce the equation a P = u o + UoiVi which intersects V at two 
points: £u = -uoo/"oi with Si^u = 2^-u 00 /u i and £21 = -u o/u i with 
^261 = -2^-uoo/uoi- As indicated by Corollary GOTO (CiiACn) and (61,^261) 
are the only solutions of the algebraic ideal I = (p, a Po) C Q(uoo, u oi)[yi,y[)- 

Due to Corollary 14.371 we can gi ve a differential analog to the Stickelberger's 
Theorem in algebraic geometry. 

Theorem 4.39 (Stickelberger's Theorem). p. 54], [33J Let V c T[Y] be a 
zero- dimensional ideal. Denote A = J-[Y]/V. Then A is a finite dimensional vector 
space over J 7 . For any polynomial f G .FfY], let Lf be the J- '-linear map: 

L f ; A — ► A_ 

9 fg 

where g denotes the residue class of g € .F[Y] in A — •7 r [Y]/'P. Then the eigenvalues 
of Lf are f(a), with multiplicity m a where a G V('P) and m a is the multiplicity of 
a G Y(V). Thus, the determinant of Lf is Y[ a £V(v) /( a ) mQ - 

Theorem 4.40 (Differential Stickelberger's Theorem). Let I be a prime 
5 -ideal in J-{Y} of dimension zero, order h, and leading 5-degree g. Let Po = 
uoq + uqiPi + ■ ■ ■ +uo n y n = be a generic S-hyperplane and a Po, . . . , a Pp^ defined 
in For any 8-polynomial p € J-~{Y}, let s — max{/i, ord(p)} and L p the 

^(uq 1 1 ')-linear map: 

L p : T(u [ h - 1] )[Y^}/1 — > J-(u ^ 1] )[YW]/^ 
9 9P 

where! = (XnJ 7 [Y^], a P , . . . , a F { h ~ 1} ) C J"(u h_1] )[YW] andg denotes the residue 
class of g G -^(uf,' 1 ^)[YM] in T(u]^ 1 ')\Y^]/X. Then the eigenvalues of L p are 
p(£ T ) and the determinant of L p is IIt=i-P(£ t )- 

Proof: By Theorem l4.391 it suffices to show that X is a prime 5-idealin F(v$~ 1] )\VW] 
of dimension zero, and W(X) = {£ [ T s] = (£ Tl , £ Tn , 5*^ Tl , 6*£ T n) ■ t = 
1,. . . ,g}. If s = h, then this is a direct consequence of Corollary 14.371 If s > h, 
£, [ r ] clearly vanishes a F$\i = 0, . . . , ft - 1). By Theorem [023 £ [ T s] are also zeros of 
I n J"[Y[ S 1]. By Theorem rOi £ l T s] are the only zeros of X. □ 

4.6. Relations between the differential Chow form and the variety. In the 

algebraic case, we can obtain the defining equations of a variety from its Chow 
form. But in the differential case, this is not valid. Now we proceed as follows to 
obtain a weaker result. Recall that a 8- variety is unmixed if all of its components 
have the same dimension. 



38 



XIAO-SHAN GAO, WEI LI, CHUN-MING YUAN 



Lemma 4.41. Let V be an irreducible 8 -IF -variety of dimension d > and (0, . . . , 0) 
^ V . Then, the intersection of V with a generic S-hyperplane passing through 
(0, . . . ,0) is either empty or unmixed of dimension d — 1. Moreover, in the case 
d > 1. it is exactly unmixed of dimension d — 1. 

Proof: Let 1 = I(V) be the prime (5-J-"-ideal corresponding to V. A generic 6- 
hyperplane passing through (0, . . . , 0) is uiyi + u 2 y 2 + • • • + u n y n where the Ui € E 
are (5-.F-indeterminates. Since (0, 0, . . . , 0) ^ V, we have 

V n V(uiyi + u 2 y 2 H h 

= V(Z, myi + u 2 y 2 H 1- 

n 

= [J V(fT,uiyi + H Vu n y n ]/yi) 

i=l 

71 

1=1 

Suppose a generic point of V is (£i, . . . , £„). Since (0, 0, . . . , 0) ^ V, there exists at 
least one i 6 {1, . . . , n}, such that 7^ 0. Of course, & = means V([X, itiyi + 
1*2^2 + • • • + u n y„] : = 0. So we need only to consider the case when 7^ 0. 
Without loss of generality, we suppose £1 7^ 0. 
Let 

Q = [I, uiyi + u 2 y2 H h u n yn] : C . . .,u n ){yi, . . . ,y n } 

and 

Qo = + "2Z/2 H h Un2/ n ] : J 7 («2, ■ • ■ , "n){yi, • ■ - ,2/tu^i} 

It is easy to verify that (£1, — U2 ^ 2+ '^ +u "^ n ) is generic point of Qo and 

dim(Qo) = d by following the proof of Lemma [3751 Now we discuss in three cases. 
Case 1) In F{yi\ 7^ {0}, that is, £1 is 5-algebraic over J". We have 

dirnF = d = d.tr.dcgl^!, . . = d.tr.deg^i)<€a, • • •,U/^'<6>- 

Suppose £2, • • • , £d+i are <5-independent over .F(£i). 

Firstly, QonJ r (u2, ■ • ■ , it„){ui} = {0}. For if not, we have a nonzero 5-polynomial 
h(u2, ■ • ■ , u n , u\) G J r {ii2, • ■ • , such that h(u 2 , . . . , n n , — " 2 & + ^' + ""£" ) = 0. 

For a fixed i between 2 and n, if we specialize Ui to —1, Uj (j =/= i) to 0, then by 
Theorem 12.161 £i/£i is <5- algebraic over T . So each £j (i = 1, . . . , n) is 6- algebraic 
over J 7 , which contradicts to the fact d > 0. It follows that Q is not the unit ideal 
and dim(Q) > 0. 

Secondly, since y 2 , . . . , yd+i is a parametric set of I, it is also a parametric set for 
Qo- So y 2 , . . . , u\ are (5-dependent modulo Qo- Since QqC\J-(u 2 , . . . , = 
{0}, we know that y 2 , . . . , j/d+i are (5-dependent modulo Q. Using the fact that each 
remaining yi and y 2l . . . , j/d+i are (5-dependent modulo Q, we obtain dim(Q) < d— 1. 
If d = 1, then dim(Q) = = (i — 1 follows. Now for d > 1, we claim that 
dim(Q) = d — 1 by proving that 1/2, ■ ■ ■ ,yd are ^-independent modulo Q. For if not, 
there exists ^ h(y 2 , . . . , y d , ui) G Qo such that fe(£ 2 , ■ ■ ■ , £d, - U2i2+ ^+ u '^" ) = 0. 
By Theorem l2.161 we can specialize Ud+i to —1, the other m to zero, and conclude 
that £ 2 , ■ • ■ , £d, ^|^- are ^-dependent over T . Since £ 2 , • ■ • , £d are (5-independent 
over J 7 , is <5-algebraic over T(£\, . . . , £<j), which is a contradiction. Thus 

dimQ = d- 1. 
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Case 2) d > 1 and £i is J-transcendental over T . In this case, we suppose a 
(5-transcendence basis is £i, . . . , £<j. 

Firstly, Q H F(u 2 , u n ){ui} — {0}. For if not, as proceeded in the preceding 
case, we conclude that is 5-algebraic over J 7 , that is, £j, £i are 5-algebraic over 
IF, which contradicts to the fact d > 1. So Q is a nontrivial prime <5-ideal. 

Secondly, dim(Q) = d— 1, for on the one hand from the fact that yi, j/2, • ■ • , u i 
are (^-dependent modulo Qo 5 we have dim(Q) < d — 1, and on the other hand, from 
the fact that y 2 , . . . , yd, ui are <5-indcpendent modulo Qq, it comes dim(Q) > d— 1. 

Case 3) d = 1 and £i is ^-transcendental over J 7 . If Q H F(u2, . . . , u n ) {ui} 7^ 
{0}, the intersection is empty. If Q 7^ [1], similar to case 2, we can easily prove 
that the intersection is of dimension zero. 

So for each i 6 {1, . . . , n} such that 7^ 0, we can show that V(fT, uij/i + u 2 y2 + 

• • • + WnJ/n] : Ui 3 ) is either empty or of dimension d — 1 similarly as the above steps 
for the case i = 1. And if d > 1, it is exactly of dimension d — 1. Thus the theorem 
is proved. □ 

By saying independent generic (S-hyperplanes, we mean that the coefficients of 
these 5-hyperplanes are <5-indedeterminates in £. The following result gives an 
equivalent condition for a point to be in a (5-variety. 

Theorem 4.42. Let V be a 5-F-variety of dimension d. Then x £ V if and only 
if d+ 1 independent generic S-hyperplanes Po, Pi, . . . , Pd passing through x meet V . 

Proof: The necessity of the condition is obviously true. We now consider the 
sufficiency. We adjoin the coordinates of x to F, and denote F to be the <5-field 
thus obtained. Regarded as a (5-variety over J 7 , V is the sum of a finite number 
of irreducible S- varieties Vi, which are of dimension d [32l p. 51]. Suppose x £ V, 
and therefore does not lie in any component of V. We now prove that any d + 1 
independent generic 5-hyperplanes passing through x do not meet Vi. Without 
loss of generality, suppose x = (0, 0, . . . , 0). Then a generic 5-hyperplane passing 
through x is s^yi + ■ ■ ■ + s n y n where Sj £ £ are <5-.F-indeterminates. We proceed 
by induction on d. 

If d = 0, then for (ai, . . . , a n ) £ V, each m is <5-algebraic over J 7 . If V n V(sij/i + 

• • • + SnVn) 7^ $j then there exists some (ai, . . . , a n ) £ V such that s\ax + ■ ■ ■ + 
s n a n = 0. Since the Sj are (5-independent over J 7 . Thus (01, . . . , a n ) — (0, . . . , 0), a 
contradiction to the fact that x ^ V. Thus the theorem is proved when d = 0. 

We therefore assume the truth of the theorem for 5- varieties of dimension less 
than d, and consider a <5-variety V of dimension d. Let Po , . . . , Pd be d + 1 indepen- 
dent generic (5-hyperplanes passing through x. The equation P<j can be written as 
s iyi + ■ ■ • + s n y n — with Si <5-.F-indeterminates. From Lemma 14.411 P^ = meets 
V in a ^-variety W of dimension less than d. By the hypothesis of the induction, 
Po, . . . , Pd-i do not meet W, it follows that V does not meet Pq, . . . ,Prf. Therefore 
the theorem is proved. □ 

The following result proves the fourth statement of Theorem 11.21 

Theorem 4.43. Let F(uo, Ui, . . . , u<j) be the Chow form of V and Sf = d f h ) ■ 

du 00 

Suppose that Uj (i = 0, . . . , d) are 5-specialized over F to sets Vj of specific elements 
in £ and Pj (i = 0, . . . , d) are obtained by substituting U; by Vj m Pj. // Pj = 0(i = 
0, . . . , d) meet V , then F(yo, ■ ■ ■ , v^) = 0. Furthermore, if F(vq, . . . , v^) = and 
Sf(vq, . . . , Vd) 7^ 0, then the d + 1 S-hyperplanes Pj = (i = 0, . . . , d) meei V. 
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Proof: LetX= I(V) C F{Y}, I cc = [1, 



"o, • • 



. ,P d ] C F{u){yi, . ..,?/„, woo, 



andXi = [I Cj? ] C J r (u ,...,u £i ){yi,...,y n }. By Lemma|4T0J {F, 



dF 



du, 



dF 

a C 



, "do}, 



<9F 



ThT2/n ^wl ^ S a characteristic set of If,£ w.r.t. the elimination ranking Udo ~< 



■ ■ -< uqo -< y± -< ■ ■ ■ -< y n . Since F is irreducible, Iq^ 

dF I . coo c dF 



[F,S F yi- 



dF 



, S F y n 



fo] : Sf with S F = 



d a 



T77T 



When Ui are ^-specialized to Vj, Zi becomes a S- ideal in ^(vo, . . . , Vd){Y}. If 
P , ■ • . ,Pd meet V, then 2i = [Z,P 0) . . . ,P d ] ^ [1] which implies F(v , . . . , v d ) = 
since F G 1^. 

If S F (v ,...,v rf ) 7^ and F(v , . . . ,v d ) = 0, then let y t = (-^y(v ,..., 

v d))/(5 , F(vo, . ..,Vd))(z = l,...,n). We claim that (yi,- ••,¥«) lies m ^ and 
the d + 1 (5-hyperplanes Po, . . . , Pd, which implies that Pq, . . . , Pd meet V. 

Firstly, let p be any ^-polynomial in I. Then p G If £, so there exists an integer 



such that Sfp G [F, S F yi 



dF 

a c 



OF 



^■]. If we specialize Uj 



Vij,Uio -> «io and let = then we have 5™(v , . . . , v d )p(y 1 ,. . . , j/„) = 0, so 
. . . , y n ) = 0. That is, (y 1 , . . . ,y n ) G V". Secondly, since Pi G If,£, similarly as 
the above, it follows that (j7 l5 . . . , y n ) lies in Pj. So P , ■ • ■ , Pd meet V. □ 

Remark AAA. Let X be the set of all (n — d — l)-dimensional linear spaces in 
F n that meet an irreducible S- F- variety V of dimension d. From Theorem I4.43[ 
X C V(F) and X\ Y{S F ) = Y(F)\W(S F ). That is, a "major" part of X is known 
to be V(F) \ V(S F ). An interesting problem is to see whether X is a <5-variety for 
a projective <$- variety V". In [23], Kolchin showed that this problem has a positive 
answer in a special case, that is, V is a projective algebraic variety which is treated 
as a zero dimensional differential projective variety in certain way. 

Similar to the algebraic case [HI p. 22], we can show that a generic <5-hyperplane 
passing through a given point x = {x\, x%, . . . , x n ) is of the form ciq + aiyi + ■ ■ ■ + 
a n y n = with ai = Y%=o s v x j = 0,1,..., n), where x = 1 and S = (sy) 
is an (n + 1) x (n + 1) skew-symmetric matrix with Sij(i < j) independent S-F- 
indctcrminatcs in £. That is, 





ao ^ 




( 1 


\ 




ai 




Xl 








= S 






V 


a n J 






) 



For convenience, we denote such a (5-hyperplane by Sx and say a generic 5-hyperplane 
passing through a point x is of the form Sx. 

Now we write = (uio, Un, . . . , Ui n ) T = where Y = (l,j/i, . . . , y n ) T and the 
S l are skew-symmetric matrices with s l - k {j < k) independent (J-J-'-indeterminates 
in £. Substituting the in F(uq, Ui, . . . , Ud) by these equations, we obtain a 
(5-polynomial involving s*- fc (J < k) and the yi . Regarding this (5-polynomial as a 5- 
polynomial in s) k {j < fc), then we have F(u , Ui, . . . , u d ) = F{S°Y, S^, . . . , S d Y) = 

9<p(yi: ■ • ■ j yn)<l>{ sl jk) where 0(s*- fc ) are different 5-monomials. In this way, we get 
a finite number of (5-polynomials g<p(yi, ■ ■ ■ , y n ) over F, which is denoted by V. Sim- 
ilarly, in this way, we will get another set T> of ^-polynomials from S f (uq, . . . , Ud). 
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Theorem 4.45. Let V be an irreducible S-J- '-variety with dimension d and F(vlq, ui, 
. . . , Ud) its Chow form. Then V \ V(X>) = V(7>) \ V(X>) 7^ 0, w/iere V,V are the 5- 
polynomial sets obtained from F(u.q, ut, . . . , u^) and 5p(uo, Ui, . . . , u^) respectively 
as above. 

Proof: On the one hand, for any x 6 V, from Theorem 14.421 any d + 1 generic 6- 
hyperplanes passing through x meet V. So S°x, 5 ,1 aT, . . . , S x meet V. By the proof 
of Theorem 14431 F(S°x, 5%, . . . , S d x) = 0. Since Sj k (j < k) are 6-ndeterminates, 
x 6 V(P). So V \ V(X>) C V(V) \ V(p). 

On the other hand, for any x € VCP) \ V(27), since any d + 1 generic 6- 
hyperplanes passing through x are of the form S°x, S 1 !:, . . . , S x with the S l 6- 
indeterminate skew-symmetric matrices, we have F(S°x, S 1 ^, . . . , S x) = and 
S F (S°x, 8% S d x) ^ 0. From Theorem [4~43l S°x, S x x, . . . , S d x meet V. Thus 
from Theorem EM x€V. Thus V \ V(X>) = V("P) \ V(X>). 

Now, we show that V \ Y(T>) ^ 0. Suppose the contrary, i.e. V C V(Z>), in 
particular, its generic point (£1, . . . , 60 € V(X>). Thus, S F (S°£, S 1 ^ . . . , S d £) = 0, 
where £ = (1, £1, . . . , £„). Recall that s* fe (j < fc; i = 0,1,..., d) are indepen- 
dent (5-indeterminates over .F(£i, . . . , £ n ). Now we consider a 5-endomorphism <j> 
of J"(£i, . . . , £„){s} fc (j < k; i = 0, 1, . . . , d)} over J"(£i, . . . , £„) satisfying 0(s^ fe ) = 
-s* fc and 0(s} fe ) = (j < k; j = 1, . . . , n). It is clear that 0(5 F (5°£, . . . , S' d £)) = 
S F( s 0k'> ~ Y2=i s ok£k, ■ ■ • , - ELi s ofe6) = °- Denoting s l ok by u ifc , we have S F (u; 
Co, ■ ■ • , Cd) = 0, thus S F e sat(F), which is a contradiction. So V \ V(X>) ^ 0. □ 

Since V is an irreducible <5-variety, V<~W(D) is a subset of V with lower dimension 
than that of V or with the same dimension but of lower order. Thus, V \ V(T>) is 
an open set of V in the Kolchin topology. 

Example 4.46. Continue from Example 14.51 In this example, F(uo) = u 2 (u' ) 2 — 
2uiu' 1 uqu' + (u' 1 ) 2 Uq + AuiUo and S f (uq) = 1u\ u' — 2uiu' 1 uo. Following the steps as 
above, we obtain V — {(y[) 2 — %i} and V — {y[}. That is, we obtain the denning 
equation (y[) 2 — 4yi — for the 5- variety under the condition y[ ^ 0. 

5. Differential Chow variety 

In Theorem II. 2\ we have listed four properties for the differential Chow form. 
In this section, we are going to prove that these properties are also the sufficient 
conditions for a ^-polynomial F(uq, . . . , u^) to be the Chow form for a <5-variety. 
Based on these sufficient conditions, we can define the (5-Chow quasi-variety for 
certain classes of (5-varieties in the sense that a point in the <5-Chow quasi-variety 
represents a <5-variety in the class. In other words, we give a paramctrization of 
all (5-varieties in the class. Obviously, this is an extension of the concept of Chow 
variety in algebraic case [331 [16] . 

5.1. Sufficient conditions for a polynomial to be a differential Chow form. 

The following result gives sufficient conditions for a (^-polynomial to be the Chow 
form of an irreducible <5-variety. From Theorem 11.21 they are also necessary condi- 
tions. 

Theorem 5.1. Let F(uq, Ui, . . . , u^) be an irreducible S-polynomial in J-"{uo,Ui, 
. . . , Ud} where U; = (um, m,i, . . . , Uj n ) (i = 0, . . . , d). If F satisfies the following 
conditions, then it is the Chow form for an irreducible S-variety of dimension d 
and order h. 
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1. F(vlq, ui, . . . , Ud) is 6-homogenous of the same degree in each set of S -variables 
Ui and ord(F, Uij) = h for all Uij occurring in F. 

2. F(uq, ui, . . . , Ud) can be factored uniquely into the following form 

g n 

F(uo,Ui,...,U d ) = ^Ui,...,!^) n^OO + Xl U 0p Zrp + tr) 

r=l p=l 
9 n 

= A(u ,ui, . . . ,u rf ) Y[( u oo + ^2uop^Tp) {h} 

r=l p=l 

where g = deg(F,u^) and £ Tp are in a differential extension field F T of F . The 
first " = " is obtained by factoring F(uq, m, . . . , Ud) as an algebraic polynomial in 
the variables Uqq , Uqi , ■ • • i u 0n ' while the second one is a differential expression by 
defining the derivatives of £ T(9 to be 

= (^Tp _1) )l u w__ r » _ t (m>l) 

recursively. 

5. S r = (£ T i, . . . , £ rn ) (r = l,...,g) are on the S-hyperplanes P CT = (a = 
1, . . . , d) as well as on the algebraic hyperplanes °P^ = (fc = 0, . . . , h — 1). 

^. For eac/i r. i/wio+v 4 i£riH K' m £™ = (i = 0, . . . , d), thenF(v Q , ...,y d ) = 

0, where v.; = (vio, Vn, ■ . ■ , Vi n ) and Vij £ £ . Equivalently, if S°, . . . , S d are (n+1) x 
(n + 1) skew- symmetric matrices, each having independent S -indeterminates above 
its principle diagonal, then F(S°^ T , . . . , S d £ T ) = 0, where £ T = (1, £ r i, . . . , £ rri ). 

Before proving the theorem, we need several lemmas. 

Lemma 5.2. [151 p.ll, Theorem 1] Let 7Z and S* be two rings and 7Z isomorphic 
to a subring S of S* . Then there exists an extension ring 1Z* of 1Z such that this 
isomorphism can be extended to an isomorphism between TZ* and S* . 

Lemma 5.3. Let V be an irreducible S-F '-variety of dimension d > and P = 
uq + uiyi + • • • + u n y n a generic S-hyperplane where Ui € £ ■ Then every generic 
point o/V(l(V),P) over Fi = F(uo, . . . , u n ) is a generic point ofV over F . 

Proof: By Theorem 13.71 [I(V),P] is a prime o"-ideal of dimension d — 1 in J-i{Y}. 
Let r] be a generic point of V(l(F),P). Then for any ^-polynomial p in I(V), we 
have p{n) = 0. On the other hand, for any ^-polynomial p G F{yi, . . . , y n } such 
that p(n) = 0, we have p E [1(F), P]. Then p = £\ ftfPW modify). Substituting 
Uo by — u\yi — ■ ■ ■ — u n y n in the above equality, we have p = 0modI(V). Hence n 
is a generic point of V. □ 
In the next result, we will show that if condition 4) from Theorem 15.11 holds, 
then the following stronger version is also valid. 

Lemma 5.4. Let F satisfy condition 4) of Theorem \5.1[ Consider F as an algebraic 
polynomial f(u)%,u\j], Uqo , • • • , u 0n) in u ij and (£ri, • • • • • • , , ■ ■ ■ , £rn ) 

is regarded as an algebraic point. Ifw i0 k + E"=i J2m=o (m) w ijmSi k ~ m ^Tj = (i = 
0,...,d;k = 0,...,h), then f(w ajk ,w oj i,wooh, ■ • ■ , w 0n h) = 0, where the w l]k are 
considered as elements in the underlying ordinary field of £ . 

Proof: Regard Q T = [vio + X)j=i v ij£,rj '■ i = 0, . . . , d] as a <5-ideal in F(d T j ■ 
j = 1, . . . , n){vio, . . . , Vi n '■ i = 0, ...,d}, where Uy € £ are o"-J-"-indeterminates. 
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From condition 4) of Theorem 15. 1[ F(vq, ■ ■ ■ ,Vd)\v(Q T ) = 0. It is clear that 
Q T is a prime 5-ideal and {v^ + Tlj—i v ij^rj ■ i = 0, . . . , d} is its characteristic 
set with Vio as leaders. By the differential Nullstellensatz, F(yo, ■ ■ ■ ,Vd) € Q T - 
From condition 1) of Theorem 15.11 ord(F, v i0 ) = h. Then F(v , . . . , v^) £ (i>io + 

V™ v £ ■ V (h) +T n + \^ h - 1 (h\ v {rn)Ah-m) . • Q a 

l^j=l "V^Tji ■ ■ ■ i u i0 T l^j=l u ij ?TJ + = l Z^m=0 Im/^y ?rj . t — U, . . . 

Regarding the above relation as a pure algebraic relation, we can substitute 

by algebraic indeterminates Wijk and regard F as an algebraic polynomial. Then 

/(WajkjWojljWoOh, • ■ ■ , Wonh) & (^i00 + S"=l w ijo£,rj, ■ ■ ■ , ^iO/i + £™=1 W ljh S,rj + 

EJ=i Em=o (m) Wi i" l ^rj _m) : i = 0, . . . , d), which shows that lemma is valid. □ 

Proof of Theorem \5.1\ Let V T (r = 1, ... , g) be the irreducible S- T- variety with 
(£ ri , . • • , ( r „) as its generic point over J- . We will show later that all the (^-varieties 
V T are the same. 

Firstly, we claim that the generic points of V T which lie on Pi , ... , as well as 
on Q P , a Pq, • ■ ■ , a P^ _1) are included in {(£ rl , . . . , £ T „) : r = 1, . . . ,g}. Without 
loss of generality, we consider V\ . To prove the claim holds for V\ , we need to use 
the following assertion: 

(*) If (?7io, ■ ■ • , Vno, ■ ■ ■ , Vihi ■ ■ ■ , Vnh) is a generic point of the algebraic ideal 
I(^)<^> = i(v^) n F[ yi , ...,y n ,.. .,y[ h) , . . . , y ( n h) } which lies on "P? 5 «P® (a = 
1, . . . , d; k = 0, . . . , h; I = 0, . . . , h — 1), then there must exist some r such that 
7 ho =€rj for j = l,...,n. 

Assume that (*) is valid. Suppose rj = (r/i, . . . , r) n ) € £ n is a generic point of V\ 
which lie on Pi,... ,F d as well as on a P , a Po, . . . , a P ( h ~ 1} . Then the algebraic point 
(171, . . . ,r) n , . . . , r][ h \ . . . , 77^^ ) is a generic point of the algebraic ideal l(Vi) <h> = 

I(Vi) n T\sn t ...,y n ,..., y[ h \. ■ . , yi h) ] which lies on a P { a k \ a P« (a = 1, . . . , d; fe = 
0, . . . , /i; i = 0, . . . , h — 1). By (*), there must exist some r such that r)j = £ rj - for 
j = 1, . . . , n. Since r\ is a differential point of Vi, thus 77 = £ T for some r. 

Now we are going to prove (■*•). Similar to the proof of Lemma l5.4i rewrite F as 

an algebraic polynomial f(u^, uS, Uqq , . . . , Uq« ) anc ^ consider the condition 2) as 
a pure algebraic factorization. Let (7710, ■ ■ ■ , VnO, ■ ■ ■ > JJi/u ■ ■ ■ , ?7n/i) be such a generic 
point of I(Vi) <,l> other than (£u, . . . , £ in , . . . , . . . , Then we have the fol- 

lowing ^-isomorphism F{r) 10l . . . , r) n0 , r) lh , rj nh ) = F(€n, £i„, . . . , 
■ • • j Cin ) which maps rjjk to for j = 1, . . . ,n and k — 0, . . . , h. By Lemma l5.2[ 
there exist w a jk , WQji € f such that the above algebraic isomorphism can be ex- 
tended to the isomorphism 

-CI (fe) (0, ~ T-IC c A h ) d h ) \ 

>(»710. • • ■ . VnO, ■ ■ ■ > Vlh, ■ ■ ■ tVnhi u a j t u oj > — ■ ■ • > Sin i ■ • ■ > f 11 i • • ■ i tin > ""o-jfe i ^Oji) 

(k) 

where a = 1, . . . , d; j = 0, . . . , n; k = 0,...,h;l — 0, . . . , h — 1, and w^y and 
Uqj- map to Wajk and iooj-j respectively. Since (ryi , . . . , T] n o, ■ ■ ■ , rjih, ■ • ■ , Vnh) lies 
on •P? ) «pW J the relation + E"=i E™ = o (m^i? »?i,fc-m = im P lies that 
Waok + J2] l =i ELo (t) w <7j™£ij~ m) = ( CT = and the relation u$ + 

E"=l E!n=0 (m) U o7 } *?JM-W = im P licS that W 00Z + E"=l EL=0 (m) UtMtnfy"" 

= (i = 0, . . . , h - 1). Furthermore, if w 00h + Eti ™0ih^ + £?=i E™=o (™) 
wojmCij 1 = is valid, then from Lemma 15. 4| it follows that the algebraic 
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polynomial f(w C rjk,woji,'Wooh 1 ---,wonh) — 0. Then, by the Hilbert Nullstellen- 
satz, when regarded as a polynomial in the algebraic indeterminates m q\ ■ • ■ , Uq^ , 

f(w ajk , W Qjh U$,. . . , U Q n ) € + "01^11 + ' ' ' + 4nCln + E"=l Em=0 (m) 

WojmClj )■ Thus , "00 + U Q1 Sll + ' ' ' + "on 6n + Ej=l Em=0 (m) w 0jmCij 

divides f{w ajk , w 0j i,u ( Q g\ u$). By the above isomorphism, f (u^ , u^j , , 

4„ ) is divisible by 4o ) + u oi ), 7io + - ■ •+4n r ?nO + E"=i Em=o (m) u o" l) 
The first factorization expression of condition 2) shows that when regarded as an 

algebraic polynomial in the variables Uqq,Uq1\ Uq„ , f( u ^ji u oj' u ocm • • • > "on*) 

=^n?= 1 (4o ) +4i ) e.i+---+4t ) u+ES-iEJtS ©4?eS" fe) )- Thus > therc 

exists some r such that rjjo = £ T j (j = 1, . . . , n), which completes the proof of the 
claim. 

Denote the dimension and order of V T by d T and h T respectively. We claim that 
d T = d and h T — h. Since V T meets Pi, . .. , P<2 and (£ T i, . . . , £ T n) are such points 
in their intersection variety, by Theorem 13.71 d T > d. If d T > d > 0, then V T meets 
Pi,...,P d ,P . Let (m,---,Vn) be a generic point of V(I(T T ),Pi, • • • ,P«j,Po). Then 
by Lemma (771, ... , r/ n ) is also a generic point of V T . Since (771, ... , rj n ) lies on 

Po, it also lies on a Po, a P , . . . , a P ' 1 . From the above claim, there exists some r 
such that (rji, . . . , rj n ) — (£ T i, . . . , £ T n)- Thus, (£ T i, ■ ■ ■ , £™) lies on Po, which implies 
that F (uo, . . . , Ud) is a zero (5-polynomial, which is a contradiction. So d T = d. 

It remains to show that h T = h. We first prove h T > h. Suppose the con- 
trary, then h T < h — 1 . Similar to the proof of Theorem 14. 361 we can prove that 
V([I(K),Pi,...,Pd] < ' i> ! a Po,..., a P { h ~ 1} ) = 0. But (£ T1 ,...,£ T „) is an element 
of V(I(K), Pi, • • • ,Pd) which also lies on a P , a P , . . . , a ¥^ h ~ 1 \ which is a contra- 
diction. Now suppose that h T > h, then h T — 1 > h. From Theorems 14.361 and 
I4~34l every point of V T which lies both on Pi, . . . , P d and on a P , a P , . . . , a P^ -1 ) 
is a generic point of V T . But the generic points of V T which lie on Pi , . . . , P^ as 
well as on Q P , a P , . . . , Q are included in {(£ T i, . . . , £ Tn ) : t = 1, . . . , g}. 

So some (£ rl , . . . ,£ rn ) lies on a P , a P , • • ■ ,° P ^ _1) . Since h T - 1 > h, we have 
(Crii ■ • ■ i Cm) lies on a P h \ which implies F(uq, . . . , u^) = 0, a contradiction. Thus, 
we have proved that d T = d and h T = h. 

Since the solutions of V T and Pi, ... , P d which also lie on Q P , a P , . . . , Q P^" 1 ' 
are generic points of V T and these are therefore contained in {(£ T i, • • • ,£rn) : t = 
1, . . . , <?}. Hence, the differential Chow form of V T is of the form 



F r (u , . ..,u d ) = A T JJ ((uoo + uoi£n H h tW;™)^) TP , 

p=l 

where l Tp — 1 or according to whether (£ T i, . . . ,£ T n) is in V^. Since both F T and 
F are irreducible, they differ at most by a factor in T . Therefore, V T (r = 1, . . . , g) 
are the same 6- variety, and F(uq, . . . , Ud) is their differential Chow form. □ 

In order to define <5-Chow varieties in the next subsection, we will introduce the 
concept of order-unmixed (S-varieties. A (5-variety V is called order-unmixed if all 
its components have the same dimension and order. Let V be an order-unmixed 
(5-variety with dimension d and order h and V = lj'=i Vi its minimal irreducible 
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decomposition with Fj(uo, ui, . . . , Ud) the Chow form of Vi. Let 

/ 

(5.1) F(u ,...,Urf) ^[[^(uo,^,...,^) 8 ' 

i=l 

with Si arbitrary nonncgative integers. Associated with (|5.1|) . we introduce the 
concept of differential algebraic cycle, or simply (5-cycle, V = Ei=i s i^i as a g en ~ 
eralization of the concept of algebraic cycle in algebraic geometry [13] , where Si is 
called the multiplicity of in V. Recall that, we have defined the (5-degree m and 
leading (5-degree g for an irreducible (5-variety V in Definitions 14. 19l and 14. 33l respec- 
tively. Let gi and m, be the leading (5-degree and (5-degree of Vi respectively. Then 
the leading (5-degree and (5-degree of V is defined to be Ei=i s i9i an d Ei=i s i m i 
respectively. 

Given a (5-polynomial G(uq, . . . ,Ud) with ord(G, Moo) == h, it may be reducible 
over T such that some of its irreducible factors are free of ■ In that case, if the 
product of all such factors is L, then we define the primitive part of G w.r.t. m q' 
to be G / L. Otherwise, its primitive part w.r.t. by convention is defined to be 
itself. Then we have 

Theorem 5.5. Let -F(uo, Uj., . . . , u^) be a 5 -polynomial and F the primitive part 
of F with respect to the variable . If F satisfies the four conditions in Theorem 
15. 11 then F is the Chow form for 5 -cycle of dimension d and order h. 

Proof: By definition, F = BF, where ord(-B,Uo) < h. Since F is <5-homogenous in 
Ui for each i, F is (5-homogenous in each too. And since B is free of Uqq , i.e. B 
divides A, then F satisfies conditions 2) and 3), and moreover the (£ T i, ■ ■ ■ ,£m) hi 
the factorization are the same as that of F. By the proof of Theorem 15. li we have 
I(£t1) ■ • ■ j £™) is of dimension d and order h over J- . Then similarly as the proof of 
Lemma [4.1l and Theorem l4.111 we conclude that I(— Ej=i v oj£rj, ■ ■ ■ , — Ej— l v dj£,Tj) 
is of dimension d over F(vij : i = 0, . . . , d; j = 1, . . . , n) and its relative order w.r.t. 
any parametric set is h, where [i = 0, . . . , d; j — 1, . . . , n) are (5-indeterminates 
over J 7 ^!, . . ■ In particular, tr.deg J"(Co, Ci> ■ ■ -Xd)/F(C,i, . . . , Cd) = K where 

Ci = ~ E™=1 %£rr Thus B(- YTj=l VOj&j, E"=l v djtrj) ^ 0. But 

F (- E"=l v 0j&j, E"=l Vda£rj) = 0, SO F{- YTj=l VOjtrj, ■ • ■ , - E"=l Vdj(,Tj) 

= 0. It follows that F(S £ T , . . . ,S d £, T ) = 0, for if we suppose the contrary, then 
B{S Z T , S d £ T ) = 0. But if we specialize s) k {j <k,j > 0) to and s ofe (k > 0) 
to —Vik, then B{— Ej=i v 0j£rj, ■ ■ ■ , — Ej=i v dj£,Tj) = 0, which is a contradiction. 
Thus, F satisfies condition 4). 

Now we claim that F is the Chow form of some (5-cycle. Let V T (t = 1, . . . , g) be 
the irreducible b-T- variety with (£ Tl , . . . , £ Tn ) as its generic point over T . Following 
the steps in the proof of Theorem 15.11 exactly, we arrive at the conclusion that the 
Chow form of V T is of the form 

9 

F T (u , . .. ,Ud) = A T ((«oo + uoi£ri H h u 0n £ Tn ) ( - h ' > ) T " , 

P =i 

where l Tp — 1 or according to whether (£ T i, . . . , £ Tn ) is in y r . Since each £ T 
is in at least one of the (5-varieties Vi, the Chow form of (J?=i ^ s °f the form 

G(u , ...,U d ) = U.T=l( F r( U 0, ■ ■ - . U <i)) Sr = C{U , . . . ,U d )np = l (("00 + UOlCrl + 
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• • • + uo n £ yTn )^y hp with rj Tp > 0. Since F and G have the same factors (uoo + 
u oi£t1 + • • • + U{) n ^ Tn )^ and the primitive factor of F w.r.t. Uqq is itself, thus we 
can find i] Tp such that F = G which completes the proof. □ 

5.2. Differential Chow quasi-variety for a differential algebraic cycle. A 

<5-cycle V in the n dimensional <5-afnne space with dimension d, order h, leading 
<5-degree g, and (5-degree m is said to be of index (n,d,h, g,m). In this section, we 
will define the <5-Chow quasi-variety in certain cases such that each point in this 
(5-variety represents a (5-cycle with a given index (n, d, h, g, m). 

For a given index (n,d,h,g,m), a 5-polynomial F(uq, . . . , u^) which has un- 
known coefficients a\ (A = 0, . . . ,D) and satisfies the following two conditions is 
referred to as a 5 -polynomial with index (n, d, h, g, m). 

1) F is a homogenous polynomial of the same degree m in each set of indetermi- 
nates U; = (uio, Un, . . . , Uj n ) (i = 0, . . . , d) and their derivatives. Furthermore, for 
each Uij, ord(F, ity) is cither h or — oo. In particular, ord(-F, uqq) = h. 

2) As a polynomial in Uqq , , . . . , , its total degree is g. In particular, 
deg(F,u o ) ) = 9- 

We want to determine the necessary and sufficient conditions imposed on a\ (A = 
0, . . . , D) in order that F is the Chow form for a <5-cycle with index (n, d, h, g, m). 
Proceeding in this way, if the necessary and sufficient conditions given in Theorem 
15.11 can be expressed by some ((-polynomials in ax, then the 5-variety defined by 
them is called the (S-Chow (quasi)-variety. More precisely, we have the following 
definition. 

Definition 5.6. Let -F(uo, . . . , u<j) be a ^-polynomial with J-^-indcterminates 
di (i = 0, ...,D) in £ as coefficients and with index (n,d,h,g,m). A quasi-<5- 
variety CV in the variables at is called the differential Chow quasi-variety with 
index (n, d, h, g, m) if a point a, is in CV if and only if F is the Chow form for a 
(5-cycle with index (n, d, h, g, mi) with mi < m, where F is obtained from F by first 
replacing et^ by and then taking the primitive part with respect to the variable 

"oo • 

In the case h = 0, since Theorems 11.21 and 15.11 become their algebraic counter- 
parts, we can obtain the equations for the algebraic Chow variety in the same way 
as in [TH p. 56-57]. So in the following, we only consider the case h > 0. For h > 0, 
the case g — 1 is relatively simple. The following result shows how to determine 
the defining equations for the <5-Chow quasi-variety with index (n, d, h, g, m) in the 
case g = 1. 

Theorem 5.7. Let F(uq, . . . , u^) be a S -polynomial with 5-F-indeterminates a„ [y = 
0, . . . , D) as coefficients and with index (n, d, h, <?, m) with g = 1. Let Lp be the ini- 
tial of F w.r.t. the elimination ranking uqq >- Uij and do, . . . , a/ the coefficients of 
Lp. Then we can find a set of 8 -homogeneous 8 -polynomials 

i? w (a , . . - ,a D ) {u> = 1, ...,v) 

in &„ such that V(i? w : uj — 1, . . . , v) \ V(ao, . . . , a/) is the 8-Chow quasi-variety of 
index (n, d,h, g, m) with g = 1 . 

Proof: In order for F to be a differential Chow form, by Theorem 11.21 F must be 
((-homogeneous in each u^. Let A be a ^-^-indeterminate. For each i, replacing U; 
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by Aui in F, we should have 

F(u ,... ) u i _i,Au^u i+ i,...,u d ) = A m F(u ,...,u rf ). 

Comparing the coefficients of the power products of A, Uij and their derivatives, 
we obtain a system of linearly homogenous equations R u (ao, . . . , Od) = 0, (ui = 
l,...,ei) in a„, which are the conditions for F to be (^-homogeneous and with 
degree m in each Uj. So by Gaussian elimination in linear algebra, we can obtain 
a basis for the solution space of R u — (uj = l,...,ei). More precisely, if the 
coefficient matrix of this linear equations is of rank r, then r of {ao,...,an} are 
the linear combinations of the other D + l — r of a v . Now substitute these r relations 
into F and denote the new <5-polynomial by F\. That is, F\ is a 5- homogenous 5- 
polynomial in each u^, which only involves D + 1 — r independent coefficients a v . 
Since g = 1, F\ can be written in the form 

fi(uo, • ■ • , u d ) = A u$ + A x v$ + ■■■ + A n u { ^ + B, 

where Ai and B are free of u^u ■ Denote — (AxUq^ + ■ ■ ■ + A n u^ + B)/Aq by 
7. Then — 7 is the solution of F\ as an algebraic polynomial in Uqq . Let 
C? = -^rh / -^tkt ,u, — Aj/Ao\ (h) for j = l,...,n. Proceeding as in the 

proof of Theorem 14.271 we define the derivatives of £, to be £^ = (^,- fc_1 ^)| eo_ . 

J J ]u oo ~ 7 

It is easy to sec that this definition is well defined. Since F\ is 5-homogeneous in 
up, by Theorem 14. 161 for r ^ 







j=0 fe>0 x 7 ^"Oj 

In the case r = h, we have X)?=o m Oj~^W = 0- Set M oo'' = 7 m the identity 

ELn^Oj^w = 0, then we have u o + X)Li = witn "o? = 7- So 

(ei,---,^,---,#" 1) ,---,d ft " 1) ) is a solution of a ¥ , a P' , . . . , a and 7 = 

- (£™=i u ojS,j) {h) - SoFi(u ,...,u d ) = A Q (u 00 + J2] l = i u 0]ij) {h) - As a consequence, 
with these £j, the second condition and the second part of the third condition in 
Thcorcm l5.ll arc satisfied. 

In order for F\ to be the Chow form for some (5-variety, by Theorem 15. 1[ 
(£1, ...,£„) should satisfy F a = (a = 1, . . . , d) and Fi(S°£, . . . , 5 d = where 5* 
are (n + 1) x (n + l)-skew symmetric matrices with elements independent indeter- 
minates and £ = . . . , £ n ) T . 

Firstly, setting = A,-/A in P CT = 0, we get u a0 A + Y^=\ u crjAj = 0. 
Then we obtain some equations in a„ by equating to zero the coefficients of the 
various ^-products of Uo, ■ ■ • , u^. This gives (^-polynomials R u (a,Q, . . . , Od) (u> = 
ei + 1, . . . ,e 2 ). 

Secondly, we obtain some (5-equations Xr(a<v,yi, ■■•lUn) by equating to zero 
the coefficients of all (5-products of the independent indeterminates s l j k (j > k) in 

Fi(S°Y, S d Y) = with Y = (1,3/1, ... , y n ) T . Then setting yf ] = in the 

(k) 

above Xr and clearing denominators, we obtain polynomial equations in u\- 

(k) 

and a v . Equating to zero the coefficients of the power products of the u\a in 



48 



XIAO-SHAN GAO, WEI LI, CHUN-MING YUAN 



we finally obtain (5-polynomials in a v : R UJ (ao, . . . , od) (w = &i + 1, • • • , v). We then 
obtain the defining equations R u = for the Chow variety. 

We now show that all the R u are (5-homogenous (5-polynomials. Denote a = 
(do, . . . , (Id)- We have known for uj — 1, ...,ei, R u are linearly homogenous 5- 
polynomials in a. Since F\ as well as Ai are linearly homogenous in a, R u (a) (uj = 
e\ + 1, . . . , e 2 ) are linearly homogenous ^-polynomials. To show i? w (a) (lu — + 
l,...,v) are (5-homogenous ^-polynomials, by induction on fc, we first show that 
for any (^-^-indeterminate A and for each j and k, ^■'(Aa) = Q k '(a). By the 
expression of 7, it is clear that 7(Aa) — 7. Since ^ = Aj/Ao\ u (h) ^ and £j(Aa) = 

^jLS'=7(^) = ^ijLw= 7 = So 5t holds for fc = °' Su PP° se ^ holds 

for k - 1, that is £f ^(Aa) = (a). Since £<*> = (S^)]^^, } (Aa) - 

^(Cf-^Aa))) |^ (Aa) = (^(a))^,^ = #>(a). Nowwe are going to 

show that i? w (a) (uj = e 2 + 1, . . . , v ) are 5-homogenous (5-polynomials. Since F\ is 
linearly homogenous in a, each x T (a y , y%, . . . ,y n ) is linearly homogenous in a. Set- 
ting = Q k ' in Xr , h is clear that x T (a v , £1, . . . , £n)(Aa) = A ■ x T (a„, £1, . . . , £ n ) 
and the denominator of Xt(&v , Ci) • • • > £n) is a pure algebraic homogenous polyno- 
mial in a. Thus, is (5-homogenous in a and the (5-homogeneity of R u follows. 

Let clq, . . . , or be the coefficients of If- Then we claim that the quasi-projective 
(5-variety CV = V(i? w : uj = 1, . . . ,v) \ V(ao, . . . , a/) is the (5-Chow quasi-variety. 
Indeed, for every element (oq, . . . , a~o) in CV, following the proof of this theorem, 
F with coefficients d v satisfies the four conditions in Theorem l5.ll And since g = 1, 
its primitive part must be irreducible and satisfies the four conditions too, which 
consequently must be the Chow form for some irreducible (5-variety with index 
(n, d, h, 1, mi) with mi < to. □ 

The following example illustrates the procedure to compute the (5-Chow quasi- 
variety in the case of g = 1. 

Example 5.8. We consider a <5-polynomial which has 16 terms and has index 
(2, 1, 1, 1, 2) to illustrate the proof of Theorem l5 . 71 F — aiUi 2 uoiu' 00 +a2UiiUi2Uo2UQ 
+a 3 u 01 u 2U 12 u' 1Q +a 4 ul 2 u 11 u' 1Q + a 5 ul 2 u 00 u' Q1 +a 6 u 10 u 1 2U 02 u' Q1 +a 7 u 00 u 02 u 1 2u' 11 + 

a 8 Uo2 u 10"'ll+a9"lO'"Ol"l2Uo2 + a 10Woo"02'"llw'l2 + a ll u llWl2W00U02 +a-12U iU 2U 10 u' 12 

+a 13 u o'"iiUo2 +ai4"oo "oi«n«i2 + ai5'"oi«io"o2'"ii +ai6"io"oi M i2- We will derive 
the conditions about the coefficients a v under which F is a Chow form. Firstly, 
in order for F to be (5-homogenous, we have R\ — 0,5 + a\.R 2 — as + 0,4, R 3 = 
a 9 + a e , i? 4 = ai + a 7 , R 5 = an + a 2 , Re = ai 2 +a 3 . Replacing a 5 , a$, a 9 , a 10 , an, ai 2 
by — a\, — 04, — —a 7 , — a 2 , —a 3 respectively in F to obtain F\. 

For such an F\ , Aq = aiUi 2 itoi+a 2 uiiwi 2 Mo 2 , A\ — — aiUi 2 uoo+a6Uioui2Uo2, ^ 2 
= -a 6 uioWoiUi2-a2WnUi2 uoo, and B = a 3 u iUo2Ui2uio+ a 4U§ 2 wiiw'io+ a 7WooUo2Ui2 
u' n - a 4 Uo 2 ui uii- a 7 u 00 UQ 2 uiiu' 12 - a 3 u iu 02 u w u' 12 + ai 3 u 00 ul 1 u 02 + a u u o «oi«n 
Mi2+ai5WoiUio uo2Wn+ai 6 ui Uoi u i2- Then 7 = (Fi-A u 00 )/A , ^ = Ai/A | u ^ o=7 , 
and £ 2 = ^2/^4oluf, =7- To confirm that u±q + un£i + U12C2 = 0, we must have 
R7 = (36 — ai = 0, i?8 = &2 + cti = 0. 

In order to satisfy the fourth condition of Theorem 15. 1[ we obtain a set of 6- 
polynomial equations i? w (ao, ■ ■ • , aie) = which have more complicated forms. By 
simplifying them with i?7 = and i?§ = 0, we obtain Rg = a*!ai(ai$ + aie), Rio = 
a 7 ai(ai4 + ai 6 ),Rn = a 7 ai(ai 3 - a w ),Ri 2 = ai(a A - a 7 ),Ri 3 = ai(a 3 + a 7 ), 
R\i = £Ji<Xi6(cJi — 07), i?i5 = ai^a\ + a\a 7 aie, Ri§ = a\^a\ + aia7ai6, R\ 7 = 
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ayai(ai — 07), Ris — a\a\^ — aiaiaiQ, Rig = — afai. Thus the Chow quasi- 
variety is Y(Ri, . . . , i?i 9 )/V(ai, a 2 ) = V(a2 + ai, a3 + ai, 04 — ai, 0,5 + 0,1, ae — ai, 07 — 
ai,a 8 + ai, a 9 + ai, aio + ai, an - ai,ai 2 -ai,ai4 + ai3, 015 + ai3,«i6 - ai 3 )/V(ai). 
From Example 14.61 it is easy to check that each point of this quasi- variety is the 
coefficients of the Chow form for Y(aiy' 1 + 0132/2) for some a±, ai3 £ T . Note that 
ai3 could be zero and the result is still valid. 

We are unable to prove the existence of the Chow quasi-variety in the case of 
g > 1 . The main difficulty is how to do elimination for a mixed system consisting of 
both differential and algebraic equations. In our case, conditions 2, and the second 
part of condition 3 of Theorem 15.11 generate algebraic equations in the coefficients 
of F and £y, while condition 1, the first part of condition 3, and condition 4 of 
Theorem 15.11 generate (5-equations. And we need to eliminate variables £y from 
these equations. 

The following example shows that the 5-Chow quasi-variety can be easily defined 
in the case of n = 1. 

Example 5.9. If n = 1, then d = and every irreducible (^-homogeneous <5- 
polynomial in u = (u o,uoi) is the differential Chow form for some irreducible 
(5-variety. 

Proof: Let F(uq) = F(uqo,uoi) be an irreducible (^-homogenous (^-polynomial with 
degree m and order h. Then F(-Hoa,-l) = (_J_)™F( Woo , uoi). Let = 
F(— 1). It is easy to show that g(y) is an irreducible (^-polynomial. By Ex- 
ample 14. 6( the Chow form of the prime (5-ideal sat((?(?/)) is (— UQi) m g{— ^ 2tt ) = 
(-u i) m F(-f^,-i) = F(u o,u i), and the result is proved. 01 □ 

As a consequence, the Chow quasi-variety in the case of n = 1 always exists. 

Example 5.10. Let u = (itoo> w oi) an d ^( u o) a homogenous (5-polynomial with 
index (1, 0, h, g, m) and coefficients a , . . . , ajj. Let Ip be the initial of F w.r.t. the 
elimination ranking uoo >- Uq\ and ao, • • • , aj the coefficients of Ip. Let R u (ao, . . . , 
au) (a; = 1, . . . , ei) be the equations obtained in the proof of Theorem l5.7l Then un- 
der the condition R u (ao, . . . , ao) = 0(oj = 1, . . . , ei), F will become a (5-homogenous 
(5-polynomial. Then by Example I5.9| ¥(Ru : u = 1, . . . , e-y) \ V(ao, . . . , aj) is the 
(5-Chow quasi-variety with index (1, 0, h, g, m). 

6. Generalized differential Chow form and differential resultant 

We mentioned that the differential Chow form can be obtained by intersecting the 
(5-variety with generic (5-hyperplanes. In this section, we show that when intersecting 
an irreducible (5-variety of dimension d by d + 1 generic <5-hypersurfaces, we can 
obtain the generalized Chow form which has similar properties to the Chow form. 
As a direct consequence, we can define the differential resultant and obtain its 
properties. 

6.1. Generalized differential Chow form. Let V C £ n be an irreducible S-J 7 - 
variety with dimension d and order h, and 

n Si 

(6.1) p t = u M + j2J2 u ^yj k) + Yl « m (y (si) ) q , (* = o,...,d) 

1 < \a\ < rrii 
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a generic ^-polynomial of order Si > and degree rrii > 1, where Uio,Uijk,Ui a 
(i = 0,...,d;j = l,...,n;k = 0, ...,s,;a € Z>q + , 1 < |a| < rrij) are 
indeterminates in £ and (Y^)" is a monomial in ^[Y^^] with exponent vector 

a = (aw,...,a n o,an, ...,a n i,..., atu t , ■ ■ ■ , ot nSi ), i.e. (Yl s *]) Q = J] J] (y\ >) a i k 

j=l k=0 

and |a| = X)j=i Efc=o ^ or convenience in the rest of the paper, we denote the 
nonlinear part of each Pi by fi, that is, 

n Si 

Pi = u i0 + E E ) + /i (* = 0, • • • , d) 

j=l k=0 

Denote u to be the set consisting of all the Uijk and Ui a for i = 0, . . . , d. Let 
£ = . . . , £„) C £ n a generic point of V, which is free from .F(u, uoo, . . . , Wdo)- 
We define d+1 elements Co, Ci; ■ • ■ > (d of .F(u, d, . . . , £„): 

n Si 

(6.2) Ci = - E E u ^5 fe) - /i^i. • • • , fn) (i = 0, . . . , d) 

j=l k=0 

Similar to the proof of Lemma 14.11 we can prove that if d > then any set of d 
elements of Coj . . ., Q is a (5-transcendence basis of .F(u)(Co, • • - ,Cd) over •^ r ( u )- If 
e? = 0, Co is (5-algebraic over .F(u). We thus have 

Lemma 6.1. d.tr.deg J"(u)(£o; • ■ • , (d)/J~(u) = d. 

Let 1^ be the prime <5-ideal in 1Z = T{u){zq, . . . , Zd} having £ = (Co, ■ • ■ , Cz) as a 
generic point. By Lemma [B~T1 the dimension of 1^ is d. Then, the characteristic set 
of 1^ w.r.t. any ranking consists of an irreducible <5-polynomial g(zo, . . . , Zd) in 1Z 
and If = sat(g). Since the coefficients of g(zQ, . . . , zj) are elements in .F(u), without 
loss of generality, we assume that <?(u; Zq, . . . , Zd) is irreducible in J-{u; z , . . . , Zd}. 
We shall subsequently replace Zo, . . . , Zd by uoo, • ■ • , u do, and obtain 

(6.3) G(u , ui, . . . , Ud) = g{u; u o, ■ ■ • , Udo), 

where = (iijo, ■ • • > Uijki •••■> Ui a , . . .) is the sequence of the coefficients of Pj. 

Definition 6.2. The ^-polynomial defined in (|6.3[) is called the generalized Chow 
form of V or the prime (5-ideal I(V) with respect to ¥i(i = 0, . . . , d). 

Similar to Theorem 14.171 we can prove that the generalized Chow form is a 5- 
homogeneous ^-polynomial in each set of indeterminates u^, but in this case the 
homogeneous degree for distinct may be distinct. The order of the generalized 
Chow form w.r.t. u^, denoted by ord(G, Uj), is defined to be max uSUi ord((7, u). 
Now we will consider the order of the generalized Chow form. 

Theorem 6.3. Let I be a prime S-J- -ideal with dimension d and order h defined 
over T , and G(uo, ui, . . . , u<j) = g(u; uoo, Uio, . . . , Udo) its generalized Chow form. 
Then for a fixed i between and d, ord(g,«io) = h + s — Sj with s = X^=o s '- 
Moreover, ord(G, Uj) = h + s — Sj. 

Proof: Use the notations as above in this section. Let Id = [I, Pq, ■ ■ ■ , P,:-i, P s :+i, 
...,P rf ] C F{uo,...,Ui- 1 ,u i+ i,...,Ud){yi,...,yn}- By Theorem [3H1 X d is a 
prime i5-ideal with dimension and order h+So+- ■ ■+s,_i+Si_|_i+- • -+Sd = h+s—Si, 
where s = J2i=a s i- 
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Let = [X, P , . . . , Pd] C J"(u){u o, . . . , Udo, yi,...,y n } and X\ = [X, P , . . . , 
F d ] = [2d,Po] C J"(u \ {w,'o}){tiio,yi) • • -,Un}, whe re u = u U • • • U u d . Denote 
ord(G,Mio) by h±. Similar to the proof of Lemma 14.101 we can show that A — 
g(u;u 00 ,..., u d0 ), -z%jVi--z%j, T%7y» _ TW is a characteristic set of l u 

% % X iO inO 

w.r.t. the elimination ranking uoo -<!••■ Mi-i,o -< "i+i,o -< it^o -< «io -< J/i -< • • • -< 
y„ . Clearly, X\ is the 5-ideal generated by in J 7 (u\{uio}){uio, yx, ■ ■ ■ , y n }- Since 
{moo, • ■ • , v-i—ifi, Ui+i,o, • ■ • , Udo} is a parametric set of I^j, .4 is also a characteristic 
set of X\ w.r.t. the elimination ranking Uio -< yi -< • • • -< y„. Since dim(Ii) = 0, 
from Corollary |2.10[ we have ord(2i) = oxd{A) = ord(g, i^o)- 

On the other hand, let Xp = [X d ,u ( ^ + Y%=iY^k=o u myj + M C J"(u \ 
{u l0 }){ui , ... , 2/n} {1 = 1,..., Si). Since dim(lf } ) = 0, u l0 is a leading variable 
of 2^ for any ranking. Thus, by Lemma EOTl we have ord(x[ l +1) ) = ord(2^°) + 1, 
which follows that ord(x[ s '^) = ord(Zi) + Sj. And it is easy to see that oid(x[ s ^) — 
ord(I,j) + Si. Indeed, let A be a characteristic set of Xd w.r.t. some orderly ranking 
M, and let t be the pseudo remainder of + Y^=i J2k=o u ijkUj + fi w.r.t. A 
under the ranking Clearly, ord(i,itio) = s$. It is obvious that for some orderly 
ranking, {A, t} is a characteristic set of x[ s '^ with ld(^l) and as its leaders, so 
ord(2^ Sl ' ) ) = ord(Zd) + s$. Thus, ord(Ii) = ord(2c() = /i + s — Sj, and consequently, 
ord(p,itio) = /i + s - 

It remains to show that ord(g, Uijk) {j — 1, ■ ■ ■ , n; k — 0, 1, . . . , si) and ord(<?, Ui a ) 
cannot exceed ord(g,Uio). If ord(g, Uyfc) = I > ord{g,Uio), then differentiate the 
identity g{u; Co, • ■ • , Q) = w - r -t- «£L we have ^%r( u ! Co, ■ • ■ , Q) = 0. Thus, 
— %j- can be divisible by <?, a contradiction. So ord(<?, Uijk) < ord(<?, Ujo). Similarly, 
we can prove that ord(g,Mi a ) < oid(g,Uio). Thus, ord(G, Uj) = ord(g, Ujo). D 

In the following, we consider the factorization of the generalized Chow form. 
Denote h + s — Sj by /ii (i = 0, . . . , d) where s = X)f=o s i- Now consider G as a 
polynomial in Uqq ' with coefficients in J-q = J-(u)(uoo, ■ • ■ , u q° )i wnere u = 
Uf = o u *\{ u oo}- Then, in an algebraic extension field of J-q, we have 



^Il(4o o) -7.) 



T=l 



where to = deg(g,u Q ^). Let ^ Tpk = g Tp k/9To{p = 1, ■ ■ ■ , n; k = 0, . . . , so) and 



Ctq = gra/gro, where g Tpk = —^y 
9g 



a = 9a 



,. and o t0 = 

(.ho) aTU 

J 00 —IT 

. h } . Similarly as in Section 4.4, we can uniquely define the derivatives 

'oo = T T 



of 7 T and ^ Tp o to make them elements in a differential extension field of .F(u). From 

,(fto) 



g(u; Co, ••• , Cd) = 0, if we differentiate this equality w.r.t. Ugofe^ then we have 



(6.4) 
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And if we differentiate g(u; Co, ■ • • , Cd) = w.r.t. Uq°, then 



(6.5) -^h + ^h(-(t {s " y r) = o 

du ( o) du { o) 

ua 0a ua 00 



where (C (so) )" = (^ ( - so) ) a \{y u ..., v „)=^ u ...4 n )- And in the above equations, -^y 

and represent — and — %y when substituting u i0 by Ci- For each 

p = 1, . . . , n and fc = 0, . . . , sq, multiplying the equations in (|6.4[) by wo P fc, and for 
a € Z>q +1 , 1 < |a| < m-o, multiplying the equations in (I6.5[) by uo Q , then adding 
all of the equations obtained together, we have 



dg \ - \ -v og \ -> ag 

CWqq p=1 k=Q OU Q , „n(s + l) OU 0a 

a E £> Q 

1 < \a\ < mo 

Thus, the (^-polynomial u 00 —(^ + EE ""opfc — tk) + E u o Q —7^7 

au aa p =l k=0 au o P k ™n(s + l) au o« 

OL G ^>o 

1 < \a\ < to 

vanishes at (uoo, ■ ■ • , Mrfo) = (Co, ■ • ■ , CO- Since it is at most of the same order as g, 
it must be divisible by g. And since it has the same degree as g, there exists some 
a 6 T such that 

a<? x - % -> og \ -> a<? 

CM p=l k=Q OU 0pk ^n(s + l) OU 0a 

1 < |a| < to 

Setting Mqo ' 1 = 7r in both sides of the above equation, we have 

n sq 

uooffro + 22 22 u 0pk g Tpk + 2J u 0a g Ta = 0. 

P=l fc=0 a g z „(a +l) 



1 < a < toq 



Or, 



n s 

U °° + X! U 0pk^T P k + UOqCtq = 0. 

p=l fc=0 ^n(s + l) 



1 < a < to 



Then, we have 

n s 



("00 + E £ UQpkZrpk + E U0aCra) ( ' l0) 



p=l fc=0 n ( So+ l) 

1 < |a| < toq 



n s 



7r + ( E E "OpfcCrpfe + E U0 a Cra) (/l0) = 0. 

P=l fc=0 ™n(s +l) 

1 < |a| < too 
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Wc have the following theorem 

Theorem 6.4. Let G(uo, ui, . . . , u<j) be the generalized Chow form of a 6 -J- ' -variety 
of dimension d and order h. Then, there exist £ Tp (fi = 1, . . . , n;r = 1, . . . , to) in a 
S-extension field of J-(u) such that 

to 

(6.6) G(u , ui, . . . , ua) = A(uo, u u , u d ) [] P (€ri, • ■ • , £™) ( ' io) 

T=l 

where A(uq, Ui, . . . , u<z) is in .F{uo, Ui, . . . , u^} and to — deg(G, w o°' > )- 
Proof: From what we have proved, 

G(Uo,Ul, . . . ,Uj) = A(Uo,Ul, . . . ,uj) Yl ("00 + 53 £ u Opk(rpk + 53 «0of™) °. 

p=l fc = agz „(a + l) 

1 < I a I < mg 

Denote £ rp o by £ rp . To complete the proof, it remains to show that £, T pk = 

^r P o) {k) (k = I,..., s ) and $r« = IT II (^o) W • From equation @3J 

p=U=o ^ 7 

and equation (j63J) , we have ^ p k) = -% I -%j (k = 0, . . . , s ) and (£^)) Q = 

au o P fc / du oo 



So we have the equalities: ( — ?f 



(AO 



9^ T /a^ 7 - 00 WB "I"."""-*- I" —/TZ^I "17™"/ T™~~ 

™ s // / - \(3)\ a « / _ / „ \{k) 



fr f| f^Z ^-y) Thus f^/^M 



dg / dg 



and J^/J^- n ft ((-Wj^rp vanishat 

Ou 0pk ' ""00 Ou 0a I au 00 p=l j = Q \^ au 0p0 / Ou 00 ' ' 

...,Udo) — (Co)---)Cd)- Similarly as in the proof of Theorem 14.341 we can see 
that both of the differential polynomials I * - -%y / -%y and 

^ " U 0p0 ' <™00 ' ClU 0pk ' clu 00 

ft ft {(i^/i^TY vanish at u ™ +j) - * o) - 

p=l j=0 \^°%p0 I au QQ ' J 

ffcl " s ° ( i \U)\ apj 

Thus, Q ' = £ Tpk and £ rQ - J] II ( (£r P o) = 0. The proof is completed. □ 

p=lj=0 K ' 

Theorem 6.5. The points (£ r i) • • • j £m) ( T = 1, • • - , to) in (KW are generic points 
of the S-J- '-variety V , and satisfy the equations 

n s„ 

P<x(yi, • ■ • , Vn) = U <?0 + J2Y1 U °P k Vp k) + /<r = (cr = 1, . . . , d) 

p=l k=0 

Proof: The proof is similar to that of Theorem 14.341 □ 

Theorem 6.6. Let G(uo, . . . , u d ) be the generalized Chow form of V and So = 
d R , with ord(G, Moo) = ho- Suppose that Uj(i = 0, . . . ,d) are 5-specialized to sets 

9u 00 _ 

Vj of specific elements in £ and Pj (i = 0, . . . , d) are obtained by substituting u.; by 
Vj in Pj. J/ P s ; = 0(i = 0, . . . , d) meet V, then G(vo, . . . , v^) = 0. Furthermore, if 
G(vo, . . . , Vrf) = and Sg(vo, • ■ • , v d) 7^ 0, then the d + 1 5 -hyper surf aces P, = 
(i = 0, . . . , d) meei V. 

Proof: The proof is similar to that of Theorem 14.431 □ 
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6.2. Differential resultant of multivariate differential polynomials. As an 

application of the generalized Chow form, we can define the differential resultant 
of n + 1 generic (5-polynomials in n variables. Let T = [0] be the <5-ideal generated 
by in -^{Y}. Then dim(I) = n. Let G(uo, Ui, . . . , u„) be the generalized Chow 
form for I. Then we will define G(uq, ui, . . . , u„) to be the differential resultant 
for the n + 1 generic ^-polynomials given in (|6.1|) . 



Definition 6.7. The differential resultant for the n + 1 generic ^-polynomials Pi 
in (|6.ip is defined to be the generalized Chow form oil = [0] associated with these 
Pi, and will be denoted by R(uq, . . . , u„) = G(uq, . . . , u n ). 

Theorem 6.8. Let R(uo, . . . , u„) be the differential resultant of the n + 1 6- 
polynomials Pq, . . . , P„ given in 16'. 1)) with ord(Pi) = Si and deg(Pi) = TOj, where 

n 

Ui = (u i0 , .. ., Uijk, ■ ■ ■ ,u ia , . ..) (i = 0, .. .,«). Denote s = s i, D = max™ =0 {roj} 

and u = U" =0 Ui\{ui }- Then there exist h jk G J"(u) [yi, ...,y n ,..., y[ s \ y„ ] 
such that 

n s — Sj 

R(u ,...,u n ) = J2J2 h ^ Skp i- 

j=0 k=Q 

Moreover, the degree of hjk in Y is bounded by (sn + n) 2 D sn+n + D(sn + n). 

Proof: Let J be the (5-ideal generated by Po, . . . ,F n in ^{uo, . . . , u„, y%, . . . , y n }. 
Let be the elimination ranking u -< y n -< ■ ■ ■ -< y\ -< u„q -<•"-<, uqq with 
arbitrary ranking endowed on 0(u) = (6u : u € u; 9 € Q). Clearly, J is a prime 
5-ideal with Po, . . . , P„ as its characteristic set w.r.t. ffl. Thus, u U {yi, . . . , y n } 
is a parametric set of J . From the definition of R, R £ J . In R(uq, . . . , u n ) = 
G(uo, . . . , u n ) = g(u; moo, • ■ • , u n o), let it^o {i — 0, . . . , n) be replaced respectively 

by 

n Si 

1 < \a\ < rrii 

and let R be expanded as a polynomial in Po, . . . , P„ and their derivatives. The term 
not involving Pq, . . . , P n or their derivatives will be a <5-polynomial only involving uU 
{yi, . . . ,y n } which also belong to J. Since J (^^{u^i, . . . ,y n } — {0}, such term 
will be identically zero. So R is a linear combinations of Po, . . . , P n and some of their 
derivatives. Since ord(f?, Uio) — s — Si, the above expansion for R involves Pi only up 
to the order s — Si and the coefficients in the linear combination are (5-polynomials in 
T{u}[yi, . . . , y n , . . . , y[ s \ . . . , yi s) ]. Denote K = 7"(u)[yi, . . . , y n , . . . , y[ s \ . . . , y { n s) }. 
Thus, R G (S S - S °P , . . . , <5P , P , • ■ • , 5 s " s "P n , • ■ • , SP n , P„) C TZ, which implies that 
(<5 S - S °P , . . . , S¥ 0l P , . . . , (5 S - S -P„, . . . , (5P„, P„) in K is the unit ideal. By (3L, The- 
orem 1], there exist A jk G TZ with deg(A jk ) < (sn + n) 2 D sn+n + D(sn + n) such 
that 

n s — Sj 

where D = max{r7io, mi, . . . ,m n }. If we multiply the above equation by R and 
denote Aj k R by hjk, we complete the proof. □ 
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As a consequence of the above five theorems proved in this section, the properties 
of the differential resultant listed in Theorem 11.31 are proved. 

Let R(uq, . . . , u n ) be the differential resultant for the n+1 generic ^-polynomials 
Pi in (|6.1I) . When each are specialized to specific elements v$ € J- n+1 , R(vo, ■ ■ ■ , 
v„) is called the differential resultant of Pj(i = 0, . . . ,n) which are obtained by 
replacing by Vj in Pj. By Theorem 16.81 vanishing of the differential resultant for 
n+1 ^-polynomials in -^{Y} is a necessary condition for them to have a common 
solution. 

Remark 6.9. It is easy to see that if = 0, then the differential resultant of Pj(z = 
0, . . . , n) becomes the Macaulay resultant for n+1 polynomials in n variables [91118]. 
From Theorem 11.31 we see that the differential resultant has similar properties to 
that of the Macaulay resultant. Special attention should be payed to the second 
property which is a differential analog to the so-called Poisson type formulas for 
algebraic resultants [28 . Also note that many properties of the Macaulay resultant 
are yet to be extended to the differential case. The most significant one might be 
to find a matrix representation for the differential resultant similar to the one given 
in [£l p. 102]. Note that such a formula was claimed to be given in [6], which is 
not correct as we mentioned in Section 1 of this paper. As a latest development, we 
defined the differential sparse resultant and proposed a single exponential algorithm 
to compute it [26] . 

Similar to the differential Chow form, the differential resultant can be computed 
with the differential elimination algorithms Q] [3 [32l [39l [14] . 

Example 6.10. The simplest nonlinear differential resultant is the case n = 1, do = 
di = 2, s = 0, si = 1. Denote yi by y. Let P = u 0Q + u (n y + u m y 2 , Pi = 
uio + wn?/ + Mi2?/' + ui3y 2 + u\4yy' + ui§(y') 2 . Then the differential resultant for Po 
and Pi is a (5-polynomial i?(uo, ui) such that ord(i?, uo) = 1, ord(i?, ui) = and R 
is 6- homogenous of degree 8 in u and degree 2 in Ui respectively. Totally, R has 206 
terms. Moreover, R has a matrix representation which is a factor of the determinant 
of the coefficient matrix of P 0> y%, y 2 P , yy'P , y' 2 P , P' , y¥' , y%, yyV 0l y' 2 P , F u 
yPi, y'P , yy'Pi w.r.t. the monomials {y l °(y') h |0 < l < 4, < h < 4, l + h < 4}. 

7. Conclusion 

In this paper, an intersection theory for generic differential polynomials is pre- 
sented by giving the explicit formulas for the dimension and order of the intersection 
of an irreducible differential variety with a generic differential hypersurface. As a 
consequence, we show that the differential dimension conjecture is true for generic 
differential polynomials. 

The Chow form for an irreducible differential variety is defined. Most of the 
properties of the algebraic Chow form have been extended to its differential coun- 
terpart. In particular, we introduce the concept of differential Chow quasi-variety 
for a special class of differential algebraic cycles. Furthermore, the generalized 
Chow form for an irreducible differential variety is also defined and its properties 
are proved. As an application of the generalized differential Chow form, we can 
give a rigorous definition for the differential resultant and establish its properties 
which are similar to that of the Sylvester resultant of two univariate polynomials 
and the Macaulay resultant of multivariate polynomials. 
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The results given in this paper enrich the field of differential algebraic geometry. 
Further, many new problems can be raised naturally. Some of them are already 
mentioned in Remarks and 14.441 and 16.91 We mentioned in Section I that the 
algebraic Chow form has many important applications. It is very interesting to see 
whether some of these applications can be extended to the differential case. 

As we mentioned in Section 5, the theory of differential Chow quasi- varieties is 
not fully developed and the main difficulty is to develop an elimination theory for 
mixed systems with both algebraic and differential equations. 

In this paper, we only consider Chow forms for affinc differential varieties. It is 
not difficult to extend most of the results in this paper to differential Chow form of 
differentially projective varieties. Note that differentially projective varieties were 
defined by Kolchin in [24] . It is expected that Theorems I4.43| 14.451 and [5J] could 
improved for differentially projective varieties. 



References 

F. Boulier, F. Lemaire, and M.M. Maza. Computing Differential Characteristic Sets by 
Change of Ordering. Journal of Symbolic Computation, 45(1), 124-149, 2010. 

J. B. Bost, H. Gillet, and C. Soule. Heights of Projective Varieties and Postive Green Forms. 
Journal of Amer. Math. Soc, 7(4), 903-1027, 1994. 

W. D. Brownawell. Bounds for the Degrees in the Nullstellensatz. The Annals of Mathematics, 
126(3), 577-591, 1987. 

A. Buium and P.J. Cassidy. Differential Algebraic Geometry and Differential Algebraic 
Groups. In H. Bass et al eds, Selected Works of Ellis Kolchin, with Commentary, 567-636, 
American Mathematical Society, Providence, RI, 1998. 

G. Carra'-Ferro. A Resultant Theory for the Systems of Two Ordinary Algebraic Differential 
Equations. Appl. Algebra Engrg. Comm. Comput., 8, 539-560, 1997. 

G. Carra'-Ferro. A Resultant Theory for Ordinary Algebraic Differential Equations. Lecture 
Notes in Computer Science, 1255, 55-65, Springer, 1997. 

S. C. Chou and X. S. Gao. Automated Reasoning in Differential Geometry and Mechanics: 
Part I. An Improved Version of Ritt-Wu's Decomposition Algorithm. Journal of Automated 
Reasoning, 10, 161-172,1993. 

R. M. Cohn. Order and Dimension. Proc. Amer. Math. Soc, 87(1), 1983. 
D. Cox, J. Little, D. O'Shea. Using Algeraic Geometry. Springer, 1998. 

T. Cluzeau and E. Hubert. Rosolvent Representation for Regular Differential Ideals. Appl. 
Algebra Engrg. Comm. Comput., 13, 395-425, 2003. 

D. Eisenbud, F. O. Schreyer, and J. Weyman. Resultants and Chow Forms via Exterior 
Syzygies. Journal of Amer. Math. Soc, 16(3), 537-579, 2004. 

X. S. Gao and S. C. Chou. A Zero Structure Theorem for Differential Parametric Systems. 
Journal of Symbolic Computation, 16, 585-595, 1994. 

I. M. Gel'fand, M. Kapranov, and A. Zelevinsky. Discriminants, Resultants and Multidimen- 
sional Determinants. Birkhiiuser, Boston, 1994 

O. Golubitsky, M. Kondratieva, and A. Ovchinnikov. Algebraic Transformation of Differential 
Characteristic Decomposions from One Ranking to Another. Journal of Symbolic Computa- 
tion, 44, 333-357, 2009. 

W.V.D. Hodge and D. Pedoe. Methods of Algebraic Geometry, Volume I. Cambridge Uni- 
versity Press, 1968. 

W.V.D. Hodge and D. Pedoe. Methods of Algebraic Geometry, Volume II. Cambridge Uni- 
versity Press, 1968. 

G. Jeronimo, T. Krick, J. Sabia, and M. Sombra. The Computational Complexity of the 

Chow Form. Foundations of Computational Mathematics, 4(1), 41-117, 2004. 

J. P. Jouanolou. Le Formalisme du Resultant. Advances in Mathematics, 90(2), 117-263, 

1991. 

E. R. Kolchin. Differential Algebra and Algebraic Groups. Academic Press, New York and 
London, 1973. 

E. R. Kolchin. Extensions of Differential Fields, I. Annals of Mathematics, 43 , 724-729, 1942. 



DIFFERENTIAL CHOW FORM 



57 



[21] E. R. Kolchin. Extensions of Differential Fields, III. Bull. Amer. Math. Soc, 53 , 397-401, 
1947. 

[22] E. R. Kolchin. The Notion of Dimension in the Theory of Algebraic Differential Equations. 

Bull. Amer. Math. Soc, 70, 570-573, 1964. 
[23] E. R. Kolchin. A Problem on Differential Polynomials. Contemporary Mathematics, 131, 

449-462, 1992. 

[24] E. R. Kolchin. Differential Equations in a Projective Space and Linear Dependence over a 

Projective Variety. In Contributions to Analysis: A Colletion of Papers Dedicated to Lipman 

Bers, Academic Press, 195-214, 1974. 
[25] M.V. Kondraticva, A.B. Levin, A.V. Mikhalev, E.V. Pankratiev. Differential and Difference 

Dimension Polynomials. Kluwer Academic Publishers, 1999. 
[26] W. Li, X. S. Gao, C. M. Yuan. Sparse Differential Resultan. Accepted by Proc. ISSAC2011, 

June 2011, San Jose, USA. 
[27] Yu. V. Ncstcrcnko. Estimates for the Orders of Zeros of Functions of a Certain Class and 

Applications in the Theory of Transcendental Numbers. Izv. Akad. Nauk SSSR Ser. Mat. 41, 

253-284, 1977. 

[28] P. Pedersen and B. Sturmfels. Product Formulas for Resultants and Chow Forms. Mathema- 

tische Zeitschrift, 214(1), 377-396, 1993. 
[29] P. Philippon. Criteres pour L'indpendance Algbrique. Inst. Hautes Etudes Sci. Publ. Math., 

64, 5-52, 1986. 

[30] J. Plumcr. Resultants and the Algebraicity of the Join Pairing on Chow Varieties. Trans. 

Amer. Math. Soc, 349(6), 2187-2209, 1997. 
[31] J. F. Ritt. Differential Equations from the Algebraic Standpoint. Amer. Math. Soc, New 

York, 1932. 

[32] J. F. Ritt. Differential Algebra. Amer. Math. Soc, New York, 1950. 

[33] F. Rouillier. Solving Zero-dimensional Polynomial Systems through Rational Univariate Rep- 
resentation. Appl. Algebra Engrg. Comm. Comput., 9, 433-461, 1999. 

[34] B. Sadik. A Bound for the Order of Characteristic Set Elements of an Ordinary Prime Dif- 
ferential Ideal and some Applications. Appl. Algebra Engrg. Comm. Comput., 10, 251-268, 
2000. 

[35] A. Rosenfcld. Specializations in Differential Algebra. Trans. Amer. Math. Soc, 90(3), 394- 
407, 1959. 

[36] S. L. Rueda and J. R. Scndra. Linear Complete Differential Resultants and the Implicitization 
of Linear DPPEs. Journal of Symbolic Computation, 45(3), 324-341, 2010. 

[37] A. Scidenberg. An Elimination Theory for Differential Algebra. Univ. California Publication 
in Math., 3, 31-65, 1956. 

[38] A. Seidenberg. On the Chow Form. Math. Ann. 212, 183-190, 1975. 

[39] W. Y. Sit. The Ritt-Kolchin Theory for Differential Polynomials. In Differential Algebra and 
Related Topics, 1-70, World Scientific, 2002. 

[40] B. Sturmfels. Sparse Elimination Theory. In Eisenbud, D., Robbiano, L. eds, Computational 
Algebraic Geometry and Commutative Algebra. 264-298, Cambridge University Press, 1993. 

[41] B. L. van der Waerden. Einfuhrung in die Algebraische Geometric Teubner, Berlin, 1939. 

[42] W. T. Wu. Basic Principles of Mechanical Theorem Proving in Elementary Geometries. Jour- 
nal of Automated Reasoning, 2(3), 221-252, 1986. 

[43] W. T. Wu. Mathematics Machenization. Science Prcss/Kluwcr, Beijing, 2003. 



58 



XIAO-SHAN GAO, WEI LI, CHUN-MING YUAN 



KLMM, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, 
Beijing 100190, China 

E-mail address: xgao@mmrc.iss.ac.cn, liwei9mmrc.iss.ac.cn, cmyuanSmmrc.iss.ac.cn 



